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Abstract.
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1. Introduction

J .C. Kelly [2] introduced the concept of bitopolgical space. N. Levine [5] introduced the idea of
semi-open sets and semi-continuity and Mashhour et. al [7] introduced the concept of pre-open
sets and pre-continuity in a topological space. M. Jelic [1] generalized the idea of pre- open sets
and pre-continuity in bitopological space. S.N. Maheshwari and Prasad [6] introduced semi-open
sets in bitopological spaces. The tri topological space was introduced by Martin M. Kovar [4].S.
Palaniammal [10] studied properties of tri-open sets in tri-topological space. D.V. Mukundan [8]
introduced quad topological space.

Penta topological space was introduced by Muhammad Shahkar Khan and Gulzar Ali Khan
[3]. G. Priscilla Pacifica & S. Shehnaz Fathima [9] studied basic concepts in penta topological
space. In this paper we use penta-open set(p-open set) in place of 7;: i € {1,2,3,4,5} open set.

In this paper, we studied penta semi-open sets, penta pre-open sets, penta semi-continuity and
penta pre-continuity and their fundamental properties in penta topological space.

2. Preliminaries

Definition 2.1[3] Let (X, 7p ) be a p-topological space. Elements of 7;; i € 1, 2, 3, 4, 5 are called
T-0pen sets and their relative complements are called zi-closed sets.
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Definition 2.2[3]: Let (X, 7» ) be a p-topological space. A subset A of X is called penta-open
(p-open) if A e v ti;ied{l, 2 3,4, 5} and its complement is said to be penta-closed (p-
closed).

Definition 2.3[9]: Let (X,z,,7,,7;,7,,7;) be a penta topological space. A c X is called semi

(1,2,3,4,5) openif Act,,,,5Cl7,5,5INt(A).

Definition 2.4[9]: Let X, 1, T2, T3, T4, T5 be a penta topological space. A c X is called pre
(1,2,3,4,5)openif Acr,,,,sintz,,,.Cl(A).

3. Penta Pre-open sets in penta topological space

Definition 3.1: Let (X,T,,T,,T,,T,, T;) be a penta topological space. The intersection of all penta
pre-closed sets of X containing a subset A of X is called penta pre-closure of A and is denoted
by p—Pint(A).

Definition 3.2: Let (X,T,,T,,T,,T,,T;) be a penta topological space. The intersection of all

penta pre-closed sets of X containing a subset U of X is called penta pre-closure of U and is
denoted by p—Pcl(U).

Theorem 3.3: Let A and B be subsets of (X,T,,T,,T,,T,,Ty)and xe X

(i)U is penta pre-closed if and only if A=p-Pcl(U)

(ii)U is penta pre-open if and only ifU = p—-Pint(U)

(iii) P—Pint(y uVv) > p-Pinty U p-PintV -

(iv) IfUcV,then p—PclU)c p-Pcl(V).

(V)XEP- Pcl(A) if and only if AnU = ¢ for every penta pre-open set U containing X.
Theorem 3.4: Let A be a subsets of (X,T,,T,,T,,T,,T), if there exist an penta pre-open set U
such that AcU < p—cl(A), then A is penta pre-open.

Theorem 3.5: In a penta topological space (X,T,,T,,T;,T,,T,), the union of any two penta pre-

open sets is always a penta pre-open set.

Proof: Let A and B be any two penta pre-open sets in X .
Now AUB < p—int(p—cl(A))up—int(p—cl(B))

= AUBc p—int(p—cl(AUB)). Hence AUB penta pre-open sets.
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Theorem 3.6: if A is penta-open sets then A is penta pre-open set.

Proof: Let A is penta closed set.

Therefore, A= p—cl(A).

Now, Ac p—int(A) = p—int( p—cl (A)) .Hence A is penta pre-open set.

Theorem 3.7: Let A and B be subsets of X such that B A< p—int(B). if B is penta pre-open
set then A is also penta pre-open set.

Proof: Given B is penta pre-open set. so, we have B < p—int(p—cl(B))< p—int(p—cl(A)).
Thus p—int(B) < p—int(p—cl(A)).Hence A is also penta pre-open set.

4. Penta Pre-Continuity in penta topological space

Definition 4.1: A function f defined from a penta topological space (X,T,,T,,T;,T,,T;) into
another penta topological space (Y,Wl,Wz,W3,W4,W5) is called penta pre-continuous function if

ft (V) is penta pre-open setin X for each penta opensetV in Y .
Example 4.2: Let X ={a,b,c,d}, T, ={X,¢.{a}} . T, ={X,¢,{a,d}} T, ={X, ¢.{b,d}},
T, ={X,¢.{a,b,d}}, T, ={X, ¢}

Open sets in penta topological spaces are union of all five topologies.

Then penta open sets of X ={X,¢,{a}.{a,d},{b,d}{a,b,d}}

penta pre-open set of X isdenoted by p—PO(X)={X,¢,{a},{a,d},{b,d}.{a,b,d}}.

LetY ={1,2,3,4}, W, ={Y,¢.{L4}} W, ={Y,¢,{4}} W, ={X,¢,{1,2}} W, ={X,¢,{1,2,4}}
W; ={Y, ¢}

penta open sets of Y ={Y,¢,{4}.{1, 2} {1, 4} {1, 2,4}}.

penta pre-open set of Y is denoted by p—PO(Y)={Y,,{4}.{L, 2}.{L. 4}.{L. 2, 4}}.

Consider the function f : X =Y is defined as

f4y={a}, f {1, 2}={b,d}, f *{L4}={a,d}, f {1, 2,4}={a,b,d} ,f *(g)=¢, f(Y)=X.
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Since the inverse image of each penta open set in Y under f is penta pre-open set in X . Hence

f s penta pre-continuous function.

Theorem 4.3: Let f:(X,T,,T,, T, T,, Ts) = (Y, W,,W,,W,,W,,W; ) be a penta pre-continuous open

function .If A is an penta pre-open set of X , then f (A)is penta pre-openin Y .

Proof: First, let A be penta pre-open set in X .There exist an penta open set U in X such that
AcU < p—cl(A) .since f is penta open function then f (U)is penta open in Y . Since f is penta

continuous function, we have f(A)c f(U)c f(p-cl(A)) < p—cl(f(A)).This show that f (A)

is penta pre-open in Y . Let A be penta pre-open in X .There exist an penta pre-open set U such

thatU < Ac (p—cl(U)). Since f is penta-continuous function, we have by the proof of first
part, f (U) is penta pre-open in X Therefore, f (A) is penta pre-openin Y .
Theorem 4.4: Let f:(X,T,,T,, T, T,, Ts) = (Y, W,,W,,W,,W,,W; ) be a penta pre-continuous open

function .If V is an penta pre-open set of Y , then f (V) is penta pre-open in X .

Proof : First ,let V be penta pre-open set of Y .There exist an penta open set W in Y .such that
V cW c p—cl(V).Since f is pentaopen set ,we have

frV)c f W) fH(p—cl(V)) < p—cl(f*(V)).since f is penta pre-continuous function ,
f (W) is penta pre-open set in X .By theorem 3.4, f (V) is penta pre-open setin X .The

proof of the second part is shown by using the fact of first part.

Theorem 4.5: The following are equivalent for a function

FoOGTL T T T To) = (Y Wo W, W, W, W )

a) fis penta pre-continuous function ;

b) the inverse image of each penta closed set of Y is penta pre-closed in X ;

c) Foreach xe X and each penta open set V inW containing f (x) ,there exist an penta pre-
open set U of X containing X suchthat f(U)cV ;

d) p-pcl(f*(B))c f*(p-cl(B)) for every subset BofY .

e) f(p-—pcl(A)) < p-cl(f(A)) for every subset Aof X .
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Theorem 4.6 : If f:(X,T,T,,T,,T,,T.) > (Y, W, W,,W,;,W,,W,)and
g: (Y, W, W, W, W, W,) > (Z,n,n,,1,,1,,15) be two penta pre-continuous function then

gof : (X, T,,T,,T,,T,,T;) > (Z,m,m,,m5,1,,m5) May not be penta pre-continuous function.

Theorem 4.7: Let f7:(X,T,,T,, T, T,, Tg) > (Y, W, W,,W,,W,, W, ) be bijective. Then the
following conditions are equivalent:

i) f is a penta pre- open continuous function.

i) f is penta pre-closed continuous function and

iii) f * is penta pre-continuous function.
Proof:(i) — (ii) Suppose B is a penta closed set in X .Then X —B is an penta open set in X
Now by (i) f(X—-B) is a penta pre-open set in Y .Now since f™ is bijective so
f(X -B)=Y — f(B).Hence f(B)is a penta pre-closed set in Y .Therefore f is a penta pre-

closed continuous function.

(ii)— (iii) Let f is an penta pre-closed map and B be penta closed set of X .Since f* is
bijective so (f ™)™(B) which is an penta pre-closed set in Y . Hence f ™ is penta pre-continuous
function.

(iii)— (i) Let A be a penta open set in X .Since f ' is a penta pre-continuous function so
(f ™ (A) = f(A) is a penta pre-open set in Y . Hence f is penta pre-open continuous function.
Theorem 48: Let X and Yare +two penta topological spaces. Then
fo (X T T, To T, Tg) > (Y, W, W, W5, W, W ) is penta semi-continuous function if one of the

followings holds:

i) f*(p-int(B)) < p-sint(f(B)), for every penta open set BinY .

i) p—scl(f*(B)) < f*(p—scl(B)), for every penta open set BinY .

Proof: Let B be any T open setin Y and if condition (i) is satisfied then

fL(p—sint(B)) c p—sint(f *(B)).
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We get f*(B) c p—sint(f *(B)).Therefore f*(B) is a penta semi-open setin X .Hence f is

penta semi-continuous function. Similarly we can prove (ii).

Theorem 4.9: A function f:(X,T,,T,,T,,T,,T;) = (Y, W, W,,W;,W,,W, ) is called penta semi-
open continuous function if and only if f(p-sint(A)) < p-sint(f(A)), for every penta-open

set Ain X .
Proof: Suppose that f is a penta semi-open continuous function.
since p—sint(A)c A so f(p—sint(A)) < f(A).

By hypothesis f (p—sint(A))is an penta semi-open set and p—sint(f (A))is largest penta semi-
open set contained in f (A)so f (p—sint(A)) < p-sint(f(A)).

Conversely, suppose A is an penta open setin X .So f (p—sint(A)) < p—sint(f(A)).

Now since A= p-sint(A)so f(A)c p-sint(f(A)).Therefore f (A)is a penta semi-open set in

Y and f is penta semi-open continuous function.
Theorem 4.10: A function f:(X,T,T,,T,, T, T,) = (Y, W,,W,,W,,W,,W;) is called penta semi -

closed continuous function if and only if p—scl(f(A)) < f(p-scl(A)), for every penta closed

set Ain X .

Proof: Suppose that f is a penta semi-closed continuous function. since Ac p—scl(A) so
f (A) < f(p—scl(A)).By hypothesis, f(p—scl(A))is a penta semi-closed set and
p—scl(f(A)) is smallest penta semi-closed set containing f (A) so

p—scl(f(A)) = f(p—scl(A)).
Conversely, suppose Ais an penta closed set in X .So p—scl(f (A)) < f(p-scl(A)).

Since A= p-scl(A)so p—scl(f(A)) < f(A).Therefore f(A)isa pentasemi-closed setin Y

and f is penta semi-closed continuous function.
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CONCLUSION:

In this paper the idea of penta semi-open sets, penta semi-continuous function, penta pre-open
sets and penta pre-continuous function in penta topological spaces were studied .
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