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Abstract- Fractional integrals has gained a very important place in
mathematical analysis. Main aim of this research article is to derive some
results for m-convex functions related to Hermite Hadamard and fejer
type inequalities using the Katugampola fractional integrals
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I. INTRODUCTION

he notion of inequalities is one of the important aspects of

mathematics having a wide range of applications in the other
areas of mathematics and other sciences as well. Several
mathematicians have been working on the notion of inequalities
with different types of convex functions satisfying certain integral
conditions, for ready reference one can see [11, 12, 10, 9, 16, 26,
1, 2]. In this regard, HermiteHadamard type inequalities are very
well know which have been studied, refined and generalized for
different types of convex functions under different circumstances
and parameters. To study A considerable number of integral
inequalities of the Hermite — Hadamard type for convex functions
via fractional integrals have been established (see [6, 5, 23, 8, 12,
10, 9, 16, 1, 2]. S.S Dragomir and G.H Toader [7, 24] introduced
the concept of m—convex functions.
We now give a brief introduction of the basic concepts and
terminology which will be very useful for the sequel.
Let | =[a,b] be a closed interval, a function f : 1 — R is said to
be convex, if

flax+(Q-a)y)<af(X)+(1-a)f(y),
for all x,ye[a,b], « €[0,1]. For more on convex functions and
related aspects in detail one can see [25, 15].
A function f:[0,b]—> R is called m-convex 0<m<1, if
VX, Yy €[0,b],t €[0,1], we have
f(tx+m(1-t)y) <tf (X) +m(1-t) f(y)
when m=1 the concept of convex functions can be recaptured.
For more on m-convexity see [7, 20].
Let f :[a,b] > R beaconvex function a,b el
inequality
a+b

=)<

is known as Hermlte-Hadamard inequality [6]. Fejer gave an idea
of the generalization of the Hermite-Hadamard inequality. Let a
f:[a,b] >R be a convex and g:[a,b] >R a positive and

, a<b.Thenthe

1 f(@)+ f (b)
j f (x)dx < —
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integrable function which is also symmetric about the a—;b . Then

the inequality
a+b f(@+f(b
fED) g, [T 0gmdx, DO g
is known as Hermite-Hadamard-Fejer mquallty. If we take
g(x)=1 in Hermite-Hadamard-Fejer inequality, we get the

Hermite-Hadamard inequality. Consider ge[a,b]. Then

Riemann-Liouville fractional integrals [5] having order « >0
with a..0 are defined as

000 ﬁj (x-1)"g(t)dt, x> a

JZg(x) = j (t—x)“g(t)dt,x<b

(o)

where T is the Gamma function.
To see more on the generalization of Hermite-Hadamard type
inequalities we refer [17, 27, 14, 21, 22, 19, 8]. Next we state some
results with references which will be frequently discussed and
recalled in the sequel.
Theorem 1.1 [23]
Let f:[a,bp] — R be a positive function with 0, a<b and
f el[a,b] If f is a convex function on [a,b], then the
following inequalities for fractional integrals hold

a+b, I'(a+1 3 . f(@+f(b

(O S DL T2 f(a), 10

a>0.
Definition 1.2 [18]
Let [a,b] = R be afinite interval. Then the left-side and right-side

a>0 with

where

Katugampola fractional integrals having order
a<x<b and p>0, are defined as follows

1t =2

r( )j tPE(xP —tP)< L f (t)dt

pI"’f tPH(EP — xP) 7t f (t)dt
(x) = I )I (t" =x")* (1)
Definition 1.3 [17]

Let f be a function of order «, where >0, n-1<a<n,

neN with a<x<b. The left-side and right-side Hadamard
fractional integrals are defined as
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H2 100 = o [ Xyt g
INa)la t t
1 (b, Xeq T()
H f(x)=——| (In>)*" —=dt
o f(x) F(a)L( Rl
Theorem 1.4[17]If >0 and p>0. Then for x> a, we have

lim ("1 (X)) = H f(x)

P*}O+

lim(® 15, () = 321 (9

p—
Lemma 1.5[4]
Let «>0, p>0 and f:[a’,b’]—> R be a differentiable
mapping on (a®,b") where 0<a<b. Then the following
equality holds if the fractional integrals exist.

f(@)+ (") PYIG) rpya Py L pa b
s (bp—ap)"‘[ 12 f0")+P 17 f(ab)]

_(b'-a") ;ap)j:tp‘“*“*i[f (t°b” +a’(1-tP)) - f (t"a’ + (1—t")b")dt
Theorem 1.6[4]
Let f:[a”,bP]— R be adifferentiable mapping with 0<a<b.
If f'isdifferentiable on (a®,b®). If f isalsoaconvex function,
Then following inequality holds.

f@”)+ f(b°?) p*“I'(a+l)
| 2 2(b° —aP)"

p py2
S e ETREEG]
2(a+2)(a+1) 2% aP P

Theorem 1.7[4]
Let f :[a”,b?]— R be adifferentiable mapping on (a®,b”) with
O<a<b. If |f'| is convex on [aP,b], then following
inequality holds.
| f(@”)+f®") p".l“(a+1)[p

[P12 F %) +" 12 F @)

I ")+ 15 f (@")]]

2 2(bP —af)
(bp_ap) "(hP "(qP
Lemma 1.8[4]

Let f :[a’,b?]— R beadifferentiable mapping on (a®,b”) with
0 <a <b.Then the following inequality holds
f@)+f(®") pT(e+l) 1o
2 2(b° -a”)* "
_ bP _ap
= P
Theorem 1.9[4]
Let f :[a®,b?]— R be a differentiable mapping with 0<a<b.

f@?)+" 12 (")

[ IA-t7)" —t £ (t"aP + (1-t")b")dt

If | f'| is differentiable on (a”,b®).If f' isconvex on [a”,b"]
Then following inequality holds

| f(@”)+f(") pT(la+l) [l

2 2(bP —af)* "

bP _ap

7 2(a+1)

f@?)+" 12 f (")

[0 f'@)+] f'(bp)|](1—2ia)

VOLUME 16 ISSUE 11

58-66

ISSN : 1673-064X

It is important to note some typo mistakes were found in the results
of referred paper [4], therefore following remarks are being
included so that reader may not face any confusion at any stage in
the sequel.
Remarks
The above recalled results Lemma 1.5, Theorem 1.6, Theorem

1.7, Lemma 1.8, and Theorem 1.9 are the corrected versions of
equation number 14, Theorem 2.2, Theorem 2.3, Lemma 2.4

and Theorem 2.5 of [4] respectively.

Il. MAIN RESULTS
Theorem 2.1 Let «>0 and p>0.Let f:[a’,m"’b?]—R be
a positive function with 0, a<mb. If f isalso an m-convex
function on [a,mb], then the following inequality holds

a? +mfb’ p“ I(a+1) » T
f < P12 £(mPbP)+(MmP)*“ P12 f(—
( > ) 2(mpbp_ap)a[ ar F(MPDP) 4+ (MP)* P IE (mp)]
a aPf
< f(@a”)—(mP)2.f
2(a+1)[{( )—(m?) ((mp)z)} o
S 07+ (). A
2 (mP)’
Proof. As f is m-convex function, for te[0,1] and
X, ¥ €[a,mb], we have
P Py P P P P
f(x +mPy )< f(xXP)+mPf(y")
2 2
Setting x” =tPa? +mP(1-t")b®;y? =t°b’ +ip(1—t")a'D
m
p PRHP
20 AN rt e e mP (- tP)b)
L tP)a? )
emef(erpe + ),

Multiplying both sides (2) by t*** and integrating from 0 to 1
with respect to t, we get
a’ +mPp®

2f
( 2

Lopt Laptgipap P(1_tPYnP
)jot dtsjot f(t’a’ +mP(1-t)b”)dt

_tP
+m”j:t“p’1f(t"b"+a"—(l z it
m

and therefore

P PHP
i f(ﬂ)grtapflf(tpap +mp(l—tp)bp)dt
ap 2 0

af(1-tP)

HmP [P (7D + )t 3)

We can also write

2 .,a’+m’b’ mb (MPbP —xP)**
— f(——)< ~——— = xPf (xP)dx
ap ( 2 ) L (mPb® —a”)” <)
p_2’
m® 1« y"
P [[— D] () ———dy (@)
m p a p a
—y (y?-—)
m m
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p PHP a-1
if(a +mb)< p“~I'(x)

ap 2 ~ 2(mPb? —aPf)”

[P12, f(m?bP)
®)

S (M) Iﬁ,f(;—Z)]

P PRHP a
f(a +m®b )< pI(a+1)
2 2(mPb? —aP)”
This established 1st inequality. Next, we prove 2nd inequality. If
f is m-convex then for t €[0,1]

1 £ 2) + (m°) 1 £ (2]

f(t*a? +m°(1-tP)bP) <t?f(a’)+m°(1-t") f (b°)  (6)
and from (6), we have inequality
m £ (t°b° + S et £ 0P 4 (P (L-17) f (B (7)
.mP (mP)
Adding (6) and (7) inequalities,we have
f(t"a"+mp(1—tp)bp)+mpf(tpb°+(1_r;#)
®)
<tPf(@’)+m?f(b?)+(mP)*(1—-tP).f( apz)
(m?)

Multiplying both sides of (8) by%t“p’land integrating with
respect to t from0to 1

par(a“‘l) o s " ap
Sipr —arye L TEM M)

o PY_ (mP)2 a’
32(a+1)[f(a )=(m") f((mp)z)]
mP ; ; a’
+—2 [f(B")+(m )-f((mp)z)]

which proves the required result.

Corollary 2.2 Taking m=1 in Theorem 2.1 it becomes the
result of [4].

Remark 2.3 If we take m=1 along with & =1 in Theorem 2.1
then we obtain an inequality which is established in [23].
Theorem 2.4 Let f :[a®,mPb®]— R be a differentiable

mapping with 0 <a<mb. If f is differentiable on (a”, m"b®),
then following inequality holds.

ISSN : 1673-064X

= [t (P2 + mP (1-t7)b?)clt

_¢p (10)

em? [ b? +ar g
0 mp

Integrating by parts, we obtain
f@@)+m’f(") p*“'I(a) [
ap (mPbP —aP)* ™

F(mPbP) + () Is,f(;—Z)]]

mPbP —aP) ¢t ooinar e af(1-tP
e e e
—f'(t*a” +mP (1-t")b")].dt
In the view of Mean Value Theorem, using (11), we get
| f@)+m°f(p®)

a-1
b0 _pe1: t(meb?)
ap

(mpbP _ap)a

aippya g8 m®b® —a®) rt o (g @°
w(my g 1 G ) e Aoy 4

tp(1+$)(mpbp —an)][.| e ot

p=tf = (m*)°b? —a” .
(mPb? —aP)(mP +1)
therefore the right side of the last expression becomes

(m"b? —aP) . al P
STSUP;E[ap,bpmp]If (f)l[(mpbp—m)fo Pt

Take As &(t)e(@”,mPb"),

1 P (a+2)-1 a’ I p(asd
—(1+W)(m‘°bp—ap)j0 t° dt+(m—m”bp)jﬂupt“ dt

1 1 2+2)-
HL+ —)(m?b’ —a)[ " ]

So we obtain the final result
|f(a")+m”f(bp)_ p“I'(ax +1)

[P15 f(mPD) + (mP) P15 f (;—z)]]l

2 2(mPb? —aP)~
(mPbP —aPf) " ((mPb? —aP)(mP +1))
STSUp;E[aP,meP]l f (é)l[ 12
S (LU L )- (YAl
(mPR? —af)*™(mP +1)*" (o +1)(a +2) a+l

Corollary 2.5 Takingm =1 in Theorem 2.4 we obtain
Theorem 1.6 [Theorem 2.2, 4]. The result is as follows

f(ap)+mpf(bp)_ PUI(a+1) (pya o orasip g o ip f(a)+ f(bp)_ p*I'(a+1) pra Py, p1a P
| : 2mr —ary L e TR+ (MO | 5 2(bp_a,,)a[ L TR+ 12 @]
PP _gP Y PP _gP P p_ AP)2
S22 s ittt <08 i Ly ap (i)
m elaP bPmP] + (9) 2(0{+1)(0(+2) 2 Ze[aP bP]
o 2((m")*b? —a’)*** }_((mp)sz —ap)] Theorem 2.6 Let f :[a?,mPb"]— R be a differentiable
(m*b® ~a")*"(m" +1)""(a +1)(a +2) @+l mapping on (a”,m’b”) with 0<a<mb. If | f'| is m-convex
Proof. Using R.H.S of inequality (3) and (5) on [a”,m"b"], then following inequality holds.
“ir . wripra g @0 f@)+m?fo") p“Ila+l) .
—(mppbp _(:;))a 1 D)+ ()1 1 () | : ~ 3o —ary L e (M)
p
SGDE RG]
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(m°b® —a”)(1-m") oy _Lf (ap)l __ f(m"") a N N
< 2ard) I o) -——=1] S’ =) b7 —a?) [P —aP) L f (). Mok
R LA R -ty e e )t ”
. f(mPb? “ir "
Proof. Using (11) = p(m(prgp_;p) —(r:pgp_a(p0)2+l Plo-f(@)
f@@)+m"f (") p""I(a) [P12  (mbP) + (m?)“ [P 12 f(i)]] Similarly, we can also see that

ap (mpbp af)” jltpat"*1 f'(t’a® + mP(1-t")b®)dt
PhP _ P P(1-tP - o )
:M-I'ltp(zwrl)fl[f'(tpbp +M)_ f'(t"a® +mP(1-t")b?)]dt ’ -1
a 0 mP _ f(a”) ap” I'(a)

i ’ i - P12 f(mPhP)
By m-convexity of | f'|, we can write p(mPb” —aP) (mPbP —af)<t

(13)

| f@)+mPf(")  p“'I(a) [P17 £ (MPbP)+ (M) 1 (7)]“ From (12) and (13), we have

ap (m"b” af)” f(a’)+ f(m’b?)  p“I'(a+1) P17 £(a®)+ 1% f(m’b")]
PHP P P - .
< (m"b® —a )J‘Otp(a+1)-1| f‘(tpb"+a (1;t )) 2 2(m"b® —a’)” mb— a+
“ . m mPbP —af 1
— f(tPa® + mP(1-t")b”) | dt = P [(1-t")" —t* 1" £ /(t"a +mP (1-t")b®)dt
fa)+mPf(p") 2

r a 1« a+
p (mpb” ( p))a [P12 F(mPDP) + (m®) 1 f( )]]| Corollary 2.9 Consider m=1in Lemma 2.8, we get Lemma 1.8
which is the Lemma 2.4 of [4].

PRHP _ P
2 bpa(z)flz) ™) 0 07)| - 'f(a ARG Theorem 2.10 Let f :[a?,m*b"]—> R be a differentiable
(mPb® —aP) | £@")| mapping with 0<a <mb. If f is differentiable on (a®,m°b®)
= [m? [ (") [+——] i P mPhP ing i i
ap(a+1) mP Af | £'] is m-convex on [a”,mPb?] Then following inequality
Thus, the final result is holds.

f@@”)+ f(m°b?)  p“I'(a+1)

(J@OmITOY) P rD) poye f(mopey 4 (meypee f(—)]]l | 15 f(@%)+7 15 f (mPbP)]|

2 2(mPb? —af)” 2 2(mpbp_ %
< (m’b? —af)(1-mP) oyi_Lf (a“)l Pp?
T aary VO L @) e | 7)1 5)
+% [mP]f (bp)|+| f (a )|] Proof. Using Lemma 2.9 and m- convexity of | f'|, we have

f@")+ f(mPb®)  p“I(a+l)

Corollary 2.7 Taking m=1 in Theorem 2.6, we obtain Theorem | JP1e f@P)+° 12 f(mPbP)]|
2 2 pbp pya mb— a+
1.7 which is the Theorem 2.3 of [4]. (m°b" —a’)
. H H H PRHP _ QP
Lemma 2.8 Let f :[a”,m"Pb?]— R be a differentiable mapping . (m b"” —a )J'ltp&'[(l_tp)a_tpa]ltp_l f'(t"a® +mP(L—tP)b") | dt
on (a?,mPb®) with 0 <a < mb. Then the following equality 0
holds m’b? —af e, Pye _+Pa]|[+P | f'(aP P PY| £/(hP
> - . » |0(—)jt [[A-tP)* —t™]I[t" | f'(@")|+m®(1-t")| f'(b") [1dt
M) D) Pt D i, @)+ 12 f () RN
2 2(m*p" -a%) L )[j TPL-t°)" —t I[P ] £(@") [ +mP(L—tP)| £'(b%) ldt
mPb? o« vpa
= p(—)J. [(1 tp) tp ]tp - f (tpa +m”(1 tp)bp)dt + 3 pftp—l[tpa (1_tp)a][tp | f’(ap)|+mp(l—tp)| f,(bp)udt
_4Pya $p-1 PAP P(1_+P\nP m b
Proof. jo(l tP)“ "L f'(tPa? +mP (1—tP)bP)dt = p(mb-a” )[jg(t)dt Zf g(t)dt]
Integrating by parts, we get -
_(@A-t")" f(tPa® +m’(1- tp)bp)| where g(t):tp [t* —(-t") It [ f'@") [+mP(1-t") | f'(b")]].
0
p(@” —m’b?) | f(ap)+2f (mpbp)_z(inplgga +::;))a P12 _f(@")+" 12 f (m"b")]|
—7“1 t*)*LtP L f (t"a” + mP(1—t°)bP)dt
(@a® —mPb®) p(m“b”— . alf'@)]  mPa|f'(b")]
_ fm) R o ” 2 pla+1)(@+2) pla+1)(a+2)
p(mpbpfap) (mpbp J.(l t ) t f(t a +m (1 t )b dt _2[ | f,(ap)| . mpl fy(bp)l _mp| fr(bp)l

22 p(@+2) 2"pla+l)  pla+2)
"(qP
NEKCOIE 1 1 1

S T m
(a+D)(a+2) 2°"(a+l) (a+1)(a+2)
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f(@")+ f(mPb®) p“I'(a+1) | o pra prap
| 5 2 p)a[ o @)+ 12 F(mPoP)]|
mPhP —

" et [| f'(@@®)[+m? If(b”)I](l—*)

Corollary 2.11 Taking m=1 in the Theorem 2.10 we obtain
Theorem 1.9 which is Theorem 2.5 of [4].

I11. Some m-convex inequalities
Let F(x)= f(x)+ f(3+b—x). It is easy to show that if f(x) is
m

m-convex.Then function F(x) is also m-convex.The function F
has the following properties

1 2f(a+mb) I:(a+b)
2. F(a):F(b):f(a)+f(b)
3- f(a)+mf(b):w

Taking m=1in 1,2 and 3, we have the result of [4] which was first
discussed by M. Jeli and D.O.B Samet.
Theorem 3.1 Let f be an m-convex function on the interval
[a,mb] and f eL[a,mb]. Then F(x) is also integrable then the
inequality hold

a+mb, pT(a+1)

FEe——)

7 (15 FO)+° 17 F(a/m)]

207 =) (14)
F(a)+mF(b)

7 2

where >0, p>0.

Proof. As f(x) is a m-convex function on [a,mb], for
X,y e[a,mb], f(tx+m@-t)y), tF(X)+m(1-t)f(y).Ift=1/2
x+my) f (X) +mf (y)

ISSN : 1673-064X
)a -1 F(U) d

ho &
m

= [a)> tx(b° -

a lr(a)

o2
m

(P a+/m F (b))

a+mb

F—)=

p F(a+1)

(b° —7)0‘

Similarly multiplying both sides of (15) by
m

and integrating the result over [0, l]
pT(a +1)
(b® —7)“
Now adding (17) and (19), we get
F(a+2mb),, PT@*D) foye  Flo)+ 12 F(alm)]
2(b" - ip)“
m

(P13 mF (0)) (17)

R -2 g

a+mb

FE——)h

(°1%F(a/m)) (19)

(20)

First inequality is established. Now we prove the second
inequality. Since f is m-convex, then for t €[0,1]

),, T (a) +mf (b)

f (ta+m(1—t)b)+ mf (tb + (l;nt)a

Using the notation of F(x)

1-ta, F(@)+mF(b)

)aa 2
Multiplying both the sides of (21) with factor (16)

F(th+ (21)

({2292, gt e or — o+ A= Yye e
m m

then f( > and integrating it with respect of t over [0,1] , we get
_ r(1-t)a 4 (1-t)a, et (1-ta
Let x=ta+m(l-t)b, y= i+ =92 mt)a : fo[THb]p x[b? _(tb+T)p] F(tb+T)dt
F(a)+ mF(b) r2 (1-t)a a a(l-t), prea
Then 2f(a+mb),, f (ta+m(1—t)b) + f (to+L=H3) . I L B G Chr B
U the notation of F (x) m which further gives
sing the notation of F(x
asm (1-va PTED oy, Py, FATIEO) o)
F( )., F(tb+—=) (15) " _7)& 2
m
Multiplying both sides Of (15) by Similarly multlplylng both the sides of (21) with the factor (18)
[(l?nt)aHb]p_lx[bp _(tb+%(1_t))p]a—l (16) and then integratzng v)ve get @ o
“T(x+1 F(a)+mF
and then integrating L [ F(= )l — 5 (23)
(b —a® /m®)“ F(a+mb) (bp—ﬁ)
pa(b—a/m) 2 Adding (22) and (23), we obtain
r(1-t)a 4 (1-ta e a
LS 1 - Ty LD pig R o)+ 1 Farm, DOEIED) g
_ 2(b? ——)~
F b+ D% g1 0" =)
m From (20) and (24)
VOLUME 16 ISSUE 11 58-66 http://xisdxjxsu.asia
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a+mb

F—h

pI'(ax+1)

[p a+/mF(b)+p It;iF(a/m)]”
207 -2 )
mP

This completes the proof.
Corollary 3.2 Taking m=1 in Theorem 3.1, the inequality 14
become the result of [4]

a+b, pT(x+1) F(a)+F(b)

F P12 F(b)+° 12 F(@)}, ———

G 207 —any L 1-FO @) )
Remark 3.3 Theorem 3.1 is a generalization of Hermite-
Hadamard inequality. If we take m=1 and pf 1 in inequality

of the Theorem 3.1.
Noticing that

||mpl;"+F(b) = —I (b-t)**F)dt =32 f(b)+JZ f(a)

I F(a
I|m (@)= Fa) -
Riemann—LlouviIIe form of Hermite -Hadamard inequality [3] is
obtained.
Corollary 3.4 Let f is a m-convex function on the interval
[a,mb] and f e L[a,mb] Then F(x) is also integrable and the

following inequalities hold

j (t—a)“F(t)dt= I f(a)+I2 f (b)

a-+bm I(a+1) “ F(a) +mF(b)
F < H . F(b)+HE F@/m), —~————=
( 2 )<2(|n(mb/a))"[ a+/m ()+ b- (a m)]” 2
Proof. Using the inequality (14)
FEEMD) PTEHD by )12 F (s my, D@ EIEO)
2 L 2
2(b°-2.)
mP
Letting p — 0" in equation (14) and noticing
lim "I F(0) = HZ)n F (D)
p~>0
lim 1 F(a/m)=Hg F(a/m)
p~>0Jr
So
a-+bm I(a+1) “ F(a) +mF(b)
F < H . F(b)+HSF@/m), —~————=
( 2 )<2(|n(mb/a))"[ a+/m ()+ b- (a m)]” 2

Remark 3.5 Taking m =1, we obtain the Hermite-Hadamard
inequality for Hadamard fractional integral [4].

F(a;b)” . [(a+1) _[H? F (o) + HZ F(a)l, F(a)+F(b)

(In(b/a)) 2
Lemma 3.6 Let f :[a,mb] —> R be a differentiable function on
(a,mb) with a<mb. If f'elf[a,mb] and
F' e L[a,mb], then following equality holds

the interval

F(a/m)+F(b) pI'(ax+1) P Pa
2 7 a[ 12, FO)+" 17 F(a/m)]
2(0° -2
m
b-2)
=—7"— J x(t)F (tb+(1 t)a)dt (25)
2(bp_%)a
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where x(t) = [to + =3y & oot 1 t)a) I
m m
Proof. Take R.H.S
(b-2)
=M [eF o+ T
2007 - ) m
mP
Note that
| = [kOF (tb+ G t)a)dt
1= [+ (1= t)‘3‘) p]“[F’(tb (1= t)a)]dt
[~ o+ E=D2yr e e T2
0 m m
therefore =1+, (26)
! (1-t)a a’., (1-t)a
where 1, = jo[(tb+T)p _F] [F'(tb+==— )]t
Let u—tb+(1 Ha . Then
1 b
l, = [uf - ]“dF(U)
(b—i) Ia/m
m
Integrating by parts, we obtain
p
(b -2y
= ) P e oy m) (27)
(b—f) (b——)
m
and 1, :-j [b? _(tb+@)P]“[F'(tb+(1 t)a‘)]cn
1= 17 - o+ e+ LoDy - A
(b—f)
Letting u =tb + (1:)"" , we have
I, =— j [b° —u®]“dF (u)
(b—f)
Integrating by parts, we obtain
P
(b -2y
I =— M Fa/m)- MplmF(b) 28)
(b—f) (b—f)
From equation (27) and (28) put values of I, and I, in (26)
b -2 PT(a +1)
I =——[Fa/m)+ FO)]-——— [l F@/m)+ 17, F )]
(b--) (b-—)
m m
After simplification, the final result is obtained
F(a/m;+F(b) pT(a+1) P12, F(b)+° 12 F(a/m)]

a’ .
20" -20)

http://xisdxjxsu.asia
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(b-2)

:—m

(1—t)a)dt
2(b° —i)a m
mP

j x(t)F'(tb+

Corollary 3.7 Taking m=1 in Lemma 3.6
F(@+F() pT(x+1) e

‘F()+° 17 F(a)]

2 2(b” —af)”
_ (b-a) . 3
= 36r—a®) JOK('[) F'(tb+ (1-t)a)dt

which is Lemma 3.4 of [4].
Theorem 3.8 Let f :[a,mb] — R be a differentiable mapping

on the interval (a,mb) with a<mb, f’'eL[a,mb] and

F' e L[a,mb]. Then we have

F@/m+F() pT(a+l)
2

I P1mFO)+" I F @/ m]|

a’ .
20°-20)

-2
s o)+ O e
2(b° — %)a

(29)

b (1- t)a)]

where x(t) = [to + 3% _ 2 g oo _(tp 4
m m

Proof. Using the notation of
F'(x) = f'(x) + f’(%+b—x)
By the m-convexity of | f'(X) |
1o+ 0% o ran+ A9y, 1 @ o p— 3203y,
m m m m

and therefore

o+ S0 e+ LR (30)
Using (25) and (30)
| F(a/m;+ F(b) ”T(aa+l) P12, F(b)+° 1< F(a/m)]|
20" -2 )"
m
(b——) '
Pl dt )+
208 -2y "
m
Hence
| F(a/m2)+ F(b) ”T(aa—i-l) P12, F(b)+° 1€ F(a/m)]|
200" -2 )
m
(b-2)
k)
207 -2y
m
(1- t)a a’

Where x(t) =[(tb+-=—)" ] ~[b” ~(tb+ a- t)a) e
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Remark 3.9 If we take m=1 in Theorem 3.8, we obtain the

following of [4]
F(@@+F() pT(a+l) P

| 2 2(b? —a®)~ .

wFO)+" I F ()]

a
b-2)
T fok(t)(l f'@@)+| t'(b) )
20" - )
mp
Remark 3.10 In Theorem 3.8, by letting p —1 along with
m=1

im j:;c(t)dt = (b—a)” _[:[t“ —(1-1t)*]dt

= (b—a)’[ jo”z((l—t)“ —t)dt+ || (7 —(1-1))dt]

_2(b-a),, 1

=T o
which is  remark3.6 of [4].
F(a)= F(b) = f(a)+ f (b) and

Using the  fact

Ipimpl"F(b)—ﬁj (b-t)**F(t)dt = J7 f (b) + I f (a)

lim® b_F(a)——j (t—a)“ *F(t)dt = 3 f(a)+J7 f (b)

Theorem 3.8 becomes as follows
f(@+f(b) IT(x+l)
| 5 “2b_a)" [J2. f(0)+ 35 f (@)l
. (b-a) b-2)

2( 1)
which is [Theorem 3, 23].
Theorem 3.11 Let f :[a,mb]T R be an m-convex function

with a, mb, f e L[a,mb] and F € L[a,mb]. Then F(x) isalso
m-convex function. If g :[a,mb]f R is non negative and
integrable, then the following inequality holds

(a+bm)[pla+,mg<b)+“ 12 ga/m)]
L P1E, (GF)(b) +° 12 (gF )(a/ m) (31)
w[p 12,.9(0) +° 12 g(a/m)]

Proof. Since f is m-convex function on [a,mb] and for all
te[0,1]

)[I f'@l+[ ')

tE)

a+mb

21 (M) £ (ta+ m(1—t))+ f(tb+%)

Using the notatlon of F(x)
F (a+ mb

NI Cmtio S ¥)
m
Multiplying both sides of (32) by

[(1—t)a
m

Fh]P x [0 — (th+ LDy e 1o gy D3 (35
m m

and integrating

http://xisdxjxsu.asia
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pa_lréa)F(a+mb)pla+,mg(b),, J':F(tb+(1 t)a)[(l t)aﬂb]p_1
(b-2)
m
[0 (o + 8yt + B0
m
= [ (P07 —ar)
(-2
=P T@ 61 grmy)
(b-2)
m
(""*”‘bxp 12,90 (12,0 (OF)(0) (34)
Similarly multlplylng both sides of inequality (32) by
(Rt (2t - 2 pigo 20 a5
m m m
and integrating S|m|IarIy we get
(“mb)("ls,g(a/m»,,(PI;i(gF)(a/m)) (36)
Adding mequalltles (34) and (36)
FELID 1,900+ 17 @/ m)]
S (OF)0) +P 12 (gF)@/m)]  (37)

The first inequality is proved. Now for the second inequality. As
f is m-convex function .Then for all t [0,1]

f (ta+m(1-t)b) + mf (tb + (1_t)a)” f(a) + mf (b) [4] H.Chen, U.N.Katugampola,Hermite-Hadamard and Hermite-Hadamard
m Fejer type inequalities for generalized fractional integrals, Math.Anal.Appl.,
i i 446, 2017, pp 1274-1291.
Using the notation of F(x) [5] Z.Dahmani, L. Tabharit, S. Taf, New generalizations of Gruss inequality
using Riemann-Liouville fractional integrals, Bull. Math. Anal. Appl.2 (3),
1-t)a, F(a)+mF(b 2010, pp 93-99.
F(tb + (1-t) )ss @) (b) (38) [6] S.S.Dragomir, C.E.M Pearce, Selcted Topics on Hermite-Hadamard
m 2 Inequalities and Applications, RGMIA Monographs,Victoria University
Multiplying both sides of (38) by factor (33)and integrating it, 2000. _ B _
i [7]1 S.S. Dragomir and G.H. Toader, Some Inequalities for m-Convex Functions,
we ge Studia Univ. Babes-Bolyai, Math., 38(1), 1993,pp 21-28.
a -1 a-1 8] G. Farid, AU Rehman, Bushra Tariq, A. Waheed, On Hadamard Type
r F(a)+mF r [
(@) ———=I"1Z,_(gF)()], [ (@) (b)] P (@) ("12, g(b)) Inequalities For m-convex Functions VIA Fractional Integrals, Journal of
a+/m s a+/m .. . .
(b— 7) 2 (-2 Inequalities and Special Functions, 7, 2016, pp 150-155.
m [9] G. Farid, A Treatment of the Hadamard inequality due to m-convexity via
generalized fractional integral, J. Fract. Calc. Appl., 9(1), 2018, pp 8-14.
(p (gF)(b)) [ F (a) +mkF (b)](p |« 9 (b)) (39) [10] G. Farid, Hadamard and Feje r-Hadamard inequalities for generalized
at+/m i a+/m fractional integral involving special functions, Konuralp J. Math.,4(1)
o Lo . 2016, pp 108-113.
Similarly multiplying both sides of (38) by the factor (35), and [11] M.E. Gordji, M.R Delavar and S.S Dragomir, Some inequalities related to
then integrating, we obtain 1 -convex function, Preprint Rgmia Res. Rep. Coll., 2015, pp 1-14.
F (a) + mF(b) [12] M. Igbal, M.Igbal Bhatti and Nazeer K,Generalization of inequalities
(17 (gF)(a/m)),, [f](p I, g(al/m)) analogous to Hermite-Hadamard inequality VIA fractional integrals
Bull.Koren Math 52(3) , 2015, pp 707-716.
(40) [13] 1. Iscan, S. Wu ,Hermite Hadamard -Fejer type inequalities for convex
i functions VIA Fractional Integrals,Preprint arXiv (2014)
Addlng (39) and (40) [14] M. Jleli, D. O'Regan, B. Samet,On Hermite Hadamard Type Inequalities
[p a+/m(gF)(b) 4P |“ (gF)(a/m)] VIA generalized Fractional Integrals, Turkish J. Math, 40(6), 2016,
pp 1221-1230.
F (a) +mF (b) [p 1“g(al/m)+ (p g(b)] (41) [15] M.S. Johar, A. Laptev, Convex function and their applications,
” a+/m M3R Project 2013
. . [16] S. M. Kang, G. Farid, W. Nazeer and S. Mehmood, (h, m)-convex functions
From (37) and (41) ! requwed result is obtained that is and associated fractional Hadamard and Fejer-Hadamard inequalities via an
extended generalized Mittag-Leffler function, J. Inequal. Appl.,78, 2019.
[17]  U.N. Katugampola,A new approach to generalized fractional derivatives,
Bulletin of Mathematical Analysis and Applications, 6(4), 1-15, 2014.
VOLUME 16 ISSUE 11 58-66 http://xisdxjxsu.asia
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a+mb

F(

1S, g(b)+° 1 ga/m)]
1S (GF)b) +° 12 (gF )/ m)]
w P1ega/m+[° 1%, )]

Remark 3.12 If m =1, Theorem 3.11 becomes the following

result of [4]
a+b

(—)[p

2

.9(0)+" 15_g(a)]

W [P (gF)(0) +7 15 (gF)(a)]
FOLER) i gay+212,900)
Remark 3.13 Theorem 3.11 is a generalization of Hermite-

Hadamard-Fejer type inequalities of [13].
If we take g(x) =1in Theorem 3.11, it becomes (14) of

Theorem 3.1.

2
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