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Abstract- Fractional integrals has gained a very important place in 

mathematical analysis. Main aim of this research article is to derive some 

results for m-convex functions related to Hermite Hadamard and fejer 

type inequalities using the Katugampola fractional integrals 

Index Terms- Riemann-Liouville Fractional Integrals, Katugampola 

Fractional Integrals, Convex Functions, m-convex Functions  

I. INTRODUCTION 

he notion of inequalities is one of the important aspects of 

mathematics having a wide range of applications in the other 

areas of mathematics and other sciences as well. Several 

mathematicians have been working on the notion of inequalities 

with different types of convex functions satisfying certain integral 

conditions, for ready reference one can see [11, 12, 10, 9, 16, 26, 

1, 2]. In this regard, HermiteHadamard type inequalities are very 

well know which have been studied, refined and generalized for 

different types of convex functions under different circumstances 

and parameters. To study A considerable number of integral 

inequalities of the Hermite −Hadamard type for convex functions 

via fractional integrals have been established (see [6, 5, 23, 8, 12, 

10, 9, 16, 1, 2]. S.S Dragomir and G.H Toader [7, 24] introduced 

the concept of m− convex functions. 

We now give a brief introduction of the basic concepts and 

terminology which will be very useful for the sequel. 

Let = [ , ]I a b  be a closed interval, a function :f I R→  is said to 

be convex, if  

                  ( (1 ) ) ( ) (1 ) ( ),f x y f x f y   + −  + −   

for all , [ , ],  [0,1]x y a b   . For more on convex functions and 

related aspects in detail one can see [25, 15]. 

A function :[0, ]f b R→  is called m-convex 0 1,m   if 

, [0, ], [0,1]x y b t   , we have  

 ( (1 ) ) ( ) (1 ) ( )f tx m t y tf x m t f y+ −  + −  

when =1m  the concept of convex functions can be recaptured. 

For more on m-convexity see [7, 20]. 

Let :[ , ]f a b R→  be a convex function ,a b I  , <a b . Then the 

inequality  

1 ( ) ( )
( ) ( )

2 2

b

a

a b f a f b
f f x dx

b a

+ +
 

−   

is known as Hermite-Hadamard inequality [6]. Fejer gave an idea 

of the generalization of the Hermite-Hadamard inequality. Let a 

:[ , ]f a b R→  be a convex and :[ , ]g a b R→  a positive and 

integrable function which is also symmetric about the 
2

a b+
. Then 

the inequality 

            
( ) ( )

( ) ( ) ( ) ( ) ( )
2 2

b b b

a a a

a b f a f b
f g x dx f x g x dx g x dx

+ +
  „ „  

is known as Hermite-Hadamard-Fejer inquality. If we take 

( ) =1g x  in Hermite-Hadamard-Fejer inequality, we get the 

Hermite-Hadamard inequality. Consider [ , ]g a b . Then 

Riemann-Liouville fractional integrals [5] having order > 0  

with 0a…  are defined as 

11
( ) = ( ) ( ) , >

( )

x

a
a

J g x x t g t dt x a 



−

+ −
   

11
( ) = ( ) ( ) , <

( )

b

b
x

J g x t x g t dt x b 



−

− −
   

where   is the Gamma function. 

To see more on the generalization of Hermite-Hadamard type 

inequalities we refer [17, 27, 14, 21, 22, 19, 8]. Next we state some 

results with references which will be frequently discussed and 

recalled in the sequel. 

Theorem 1.1 [23] 

Let :[ , ]f a b  R→  be a positive function with 0 <a b„  and 

[ , ]f L a b  If f  is a convex function on [ , ]a b , then the 

following inequalities for fractional integrals hold 

( 1) ( ) ( )
( ) [ ( ) ( )]

2 22( )
a b

a b f a f b
f J f b J f a

b a

 




+ −

+  + +
+

−
„ „ where 

> 0 . 

Definition 1.2 [18] 

Let [ , ]a b R  be a finite interval. Then the left-side and right-side 

Katugampola fractional integrals having order > 0  with 

< <a x b  and > 0p , are defined as follows  

1
1 1( ) = ( ) ( )

( )

x
p p p p

a
a

p
I f x t x t f t dt


 



−
− −

+ −
   

1
1 1( ) = ( ) ( )

( )

b
p p p p

b
x

p
I f x t t x f t dt


 



−
− −

− −
   

Definition 1.3 [17] 

Let f  be a function of order  , where > 0,  1 ,n n−    

n N  with < <a x b . The left-side and right-side Hadamard 

fractional integrals are defined as  

T 
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11 ( )
( ) = (ln )

( )

x

a
a

x f t
H f x dt

t t

 



−

+
   

11 ( )
( ) = (ln )

( )

b

b
x

x f t
H f x dt

t t

 



−

−
   

Theorem 1.4[17] If > 0  and > 0p . Then for >x a , we have 

     
0

( ( )) = ( )lim
p

a a
p

I f x H f x 

+ +
+→

 

      
1

( ( )) = ( )lim
p

a a
p

I f x J f x 

+ +
→

 

Lemma 1.5[4] 

Let > 0 , > 0  and : [ , ]p pf a b R→  be a differentiable 

mapping on ( , )p pa b  where 0 <a b . Then the following 

equality holds if the fractional integrals exist. 
1( ) ( ) . ( )

[ ( ) ( )]
( )

p p
p p p p

a bp p

f a f b p
I f b I f a

p b a


 







−

+ −

+ 
− +

−
 

1
( 1) 1 ' '

0

( )
= [ ( (1 )) ( (1 ) )]

p p
p p p p p p p p pb a

t f t b a t f t a t b dt



+ −−
+ − − + −  

Theorem 1.6[4] 

Let : [ , ]p pf a b R→  be a differentiable mapping with 0 <a b . 

If 'f is differentiable on ( , )p pa b .  If f  is also a convex function, 

Then following inequality holds. 

( ) ( ) . ( 1)
| [ ( ) ( )] |

2 2( )

p p
p p p p

a bp p

f a f b p
I f b I f a

b a


 




+ −

+  +
− +

−
 

       
2

[ , ]

( ) 1
[ ] | ( ) |]sup

2( 2)( 1) 2

p p

p p
a b

b a
f





 
  

−
 +

+ +
 

Theorem 1.7[4] 

Let : [ , ]p pf a b R→  be a differentiable mapping on ( , )p pa b  with 

0 <a b . If | |f   is convex on [ , ]p pa b , then following 

inequality holds. 

( ) ( ) . ( 1)
| [ ( ) ( )] |

2 2( )

p p
p p p p

a bp p

f a f b p
I f b I f a

b a


 




+ −

+  +
− +

−
 

                           
( )

(| ( ) | | ( ) |)
2( 1)

p p
p pb a

f b f a


−
  +

+
 

Lemma 1.8[4]  

Let : [ , ]p pf a b →  R be a differentiable mapping on ( , )p pa b  with 

0 <a b .Then the following inequality holds 

( ) ( ) ( 1)
[ ( ) ( )]

2 2( )

p p
p p p p

b ap p

f a f b p
I f a I f b

b a


 




− +

+  +
− +

−
    

             
1

1

0
= ( ) [(1 ) ] ( (1 ) )

2

p p
p p p p p p pb a

p t t t f t a t b dt  −−
− − + −   

Theorem 1.9[4]  

Let : [ , ]p pf a b R→  be a differentiable mapping with 0 <a b . 

If '| |f  is differentiable on ( , )p pa b . If f   is convex on [ , ]p pa b  

Then following inequality holds 

( ) ( ) ( 1)
| [ ( ) ( )] |

2 2( )

p p
p p p p

b ap p

f a f b p
I f a I f b

b a


 




− +

+  +
− +

−
  

1
[| ( ) | | ( ) |](1 )

2( 1) 2

p p
p pb a

f a f b


−
 + −

+
„   

It is important to note some typo mistakes were found in the results 

of referred paper [4], therefore following remarks are being 

included so that reader may not face any confusion at any stage in 

the sequel. 

Remarks 

The above recalled results Lemma 1.5,  Theorem 1.6,  Theorem 

1.7, Lemma 1.8,  and Theorem 1.9  are the corrected versions of 

equation number 14,  Theorem 2.2,  Theorem 2.3,  Lemma 2.4  

and Theorem 2.5  of [4] respectively.  

II. MAIN RESULTS 

Theorem 2.1  Let > 0  and > 0p . Let : [ , ]p p pf a m b R→  be 

a positive function with 0 <a mb„ . If f  is also an m-convex 

function on [ , ]a mb , then the following inequality holds 

1. ( 1)
( ) [ ( ) ( ) ( )]

2 2( )

p p p p
p p p p p

a bp p p p

a m b p a
f I f m b m I f

m b a m


  



 +

+ −

+  +
 +

−
  

        

2

2

2

             [{ ( ) ( ) . ( )}
2( 1) ( )

                                  { ( ) ( ). ( )}]
2 ( )

p
p p

p

p p
p p

p

a
f a m f

m

m a
f b m f

m




 −

+

+ +

  (1) 

 Proof. As f  is m-convex function, for [0,1]t  and

, [ , ]x y a mb , we have 

         
( ) ( )

( )
2 2

p p p p p px m y f x m f y
f

+ +
   

Setting 
1

= (1 ) ; = (1 )p p p p p p p p p p p

p
x t a m t b y t b t a

m
+ − + −  

2 ( ) [ ( (1 ) )
2

(1 )
                                             ( )]

p p p
p p p p p

p p
p p p

p

a m b
f f t a m t b

t a
m f t b

m

+
 + −

−
+ +

          (2) 

Multiplying both sides (2) by 1pt −  and integrating from 0  to 1  

with respect to t , we get  

1 1
1 1

0 0

1
1

0

2 ( ) ( (1 ) )
2

(1 )
                                              ( )

p p p
p p p p p p p

p
p p p p p

p

a m b
f t dt t f t a m t b dt

t
m t f t b a dt

m

 



− −

−

+
 + −

−
+ +

 


and therefore 

1
1

0

2
( ) ( (1 ) )

2

p p p
p p p p p pa m b

f t f t a m t b dt
p





−+
 + −   

                 
1

1

0

(1 )
( )

p p
p p p p

p

a t
m t f t b dt

m

 − −
+ +               (3) 

 We can also write 

      
2

( )
2

p p pa m b
f

p

+
  

1
1( )

( )
( )

p p p
mb

p p

p p pa

m b x
x f x dx

m b a





−
−−

−  

          
1

[ ] . ( ). .

( )

p
p

ppb
p p

a p p
p pm

p p

a
y

ymm f y dy
a a

b y
m m


−−

+

− −
          (4) 
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1

1

2 . ( )
( ) [ ( )

2 2( )

                                                       ( ) ( )]

p p p
p p p

ap p p

p
p p

b p

a m b p
f I f m b

p m b a

a
m I f

m






 





−

+

+

−

+ 


−

+

        (5) 

 

1. ( 1)
( ) [ ( ) ( ) ( )]

2 2( )

p p p p
p p p p p

a bp p p p

a m b p a
f I f m b m I f

m b a m


  



 +

+ −

+  +
 +

−

This established 1st inequality. Next, we prove 2nd inequality. If 

f  is m-convex then for [0,1]t  

   ( (1 ) ) ( ) (1 ) ( )p p p p p p p p p pf t a m t b t f a m t f b+ −  + −     (6) 

and from (6) , we have inequality 

2

2

(1 )
( ) ( ) ( ) (1 ) ( )

. ( )

p p p
p p p p p p p p

p p

t a a
m f t b m t f b m t f

m m

−
+  + −  (7) 

 Adding (6)  and (7)  inequalities,we have 

2

2

(1 )
( (1 ) ) ( )

               ( ) ( ) ( ) (1 ). ( )
( )

p p
p p p p p p p p

p

p
p p p p p p

p

t a
f t a m t b m f t b

m

a
t f a m f b m t f

m

−
+ − + +

 + + −

   (8) 

Multiplying both sides of (8) by 1

2

pt
 − and integrating with 

respect to t from 0 to 1  

1( 1)
[ ( ) ( ) . ( )]

2( )

p
p p p p p

a bp p p p

p a
I f b m m I f

m b a m


  



 +

+ −

 +
+

−
  

            

2

2

2

          [ ( ) ( ) ( )]
2( 1) ( )

                                      [ ( ) ( ). ( )]
2 ( )

p
p p

p

p p
p p

p

a
f a m f

m

m a
f b m f

m




 −

+

+ +

 

which proves the required result.  

Corollary 2.2  Taking =1m  in Theorem 2.1  it becomes the 

result of [4].  

Remark 2.3  If we take =1m  along with = 1  in Theorem 2.1  

then we obtain an inequality which is established in [23].  

Theorem 2.4  Let : [ , ]p p pf a m b R→  be a differentiable 

mapping with 0 <a mb . If 'f is differentiable on ( , )p p pa m b , 

then following inequality holds. 

1( ) ( ) . ( 1)
| [ ( ) ( ) ( )] |

2 2( )

p p p p
p p p p p

a bp p p p

f a m f b p a
I f m b m I f

m b a m


  



 +

+ −

+  +
− +

−
  

   
[ , ]

2 2 2

1 1

( ) (( )( 1))
| ( ) | [sup

2 2

2(( ) ) ( )
{ } ( )]

( ) ( 1) ( 1)( 2) 1

p p p p p p p

p
p p p

a b m

p p p p p p

p p p p

m b a m b a m
f

m

m b a m b a

m b a m





 




  



+

+ +

− − +


+

− −
+ −

− + + + +

(9) 

        

Proof. Using R.H.S of inequality (3) and (5) 
1

1. ( )
[ ( ) ( ) ( )]

( )

p
p p p p p

a bp p p p

p a
I f m b m I f

m b a m


  



−
+

+ −


+

−
  

1
1

0

1
1

0

          = ( (1 ) )

(1 )
                               ( )

p p p p p p

p
p p p p p

p

t f t a m t b dt

t
m t f t b a dt

m





−

−

+ −

−
+ +




        (10) 

 Integrating by parts, we obtain 
1

1( ) ( ) . ( )
[ ( ) ( ) [ ( )]]

( )

p p p p
p p p p p

a bp p p p

f a m f b p a
I f m b m I f

p m b a m


  







−
+

+ −

+ 
− +

−
  

             

1
( 1) 1 '

0

'

( ) (1 )
    = [ ( )

                                   ( (1 ) )].

p p p p p
p p p

p

p p p p p

m b a a t
t f t b

m

f t a m t b dt





+ −− −
+

− + −

 (11) 

 In the view of Mean Value Theorem, using (11) , we get 

1

1
1 ( 1) 1

0

( ) ( ) . ( )
| [ ( )

( )

( )
( ) [ ( )]] | | [( )

p p p
p p p

ap p p

p p p p p
p p p p p

b p p

f a m f b p
I f m b

p m b a

a m b a a
m I f t m b

m m






  







−

+

+ + −

−

+ 
−

−

−
+  − +

      

                                    
1

(1 )( )] | . | ( ) |p p p p

p
t m b a f t dt

m
+ −  

Take 
2( )

= =
( )( 1)

p p p
p

p p p p

m b a
t

m b a m


−

− +
. As ( ) ( , )p p pt a m b  , 

therefore the right side of the last expression becomes 
1/

( )
( 1) 1

[ , ] 0

( )
| ( ) | [( )sup

p p p p p
p p p

p p p
a b m p

m b a a
f m b t dt

m









+ −



−
 −    

1/
( ) 1

( 2) 1 ( 1) 1

1/
0

1
(1 )( ) ( )

pp
p p p p p p p

pp p

a
m b a t dt m b t dt

m m


 



+ − + −− + − + −    

                         
1

( 2) 1

1/

1
(1 )( ) ]p p p p

pp
m b a t dt

m





+ −+ + −   

So we obtain the final result 

1( ) ( ) . ( 1)
| [ ( ) ( ) [ ( )]] |

2 2( )

p p p p
p p p p p

a bp p p p

f a m f b p a
I f m b m I f

m b a m


  



 +

+ −

+  +
− +

−
    

          
[ , ]

( ) (( )( 1))
| ( ) | [sup

2 2

p p p p p p p

p p p
a b mp

m b a m b a m
f

m







− − +


+
 

2 2 2

1 1

2(( ) ) ( )
( ) ( )]
( ) ( 1) ( 1)( 2) 1

p p p p p p

p p p p

m b a m b a

m b a m



    

+

+ +

− −
+ −

− + + + +
  

Corollary 2.5  Taking m = 1 in Theorem 2.4  we obtain 

Theorem 1.6 [Theorem 2.2, 4]. The result is as follows 

( ) ( ) . ( 1)
| [ ( ) ( )] |

2 2( )

p p
p p p p

a bp p

f a f b p
I f b I f a

b a


 




+ −

+  +
− +

−
  

   
2

[ , ]

( ) 1
( ) | ( ) |sup

2( 1)( 2) 2

p p

p p
a b

b a
f





 
  

−
 +

+ +
 

Theorem 2.6  Let : [ , ]p p pf a m b →  R be a differentiable 

mapping on ( , )p p pa m b  with 0 <a mb .  If | |f   is m-convex 

on [ , ]p p pa m b , then following inequality holds. 

1

( ) ( ) . ( 1)
| [ ( )

2 2( )

                                                    ( ) [ ( )]] |

p p p
p p p

ap p p

p
p p

b p

f a m f b p
I f m b

m b a

a
m I f

m






 


+

+

−

+  +
−

−

+
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( )(1 ) | ( ) |
.[| ( ) | ]

2( 2)

( ) | ( ) |
                       .[ | ( ) | ]

2( 1)

p p p p p
p

p

p p p p
p p

p

m b a m f a
f b

m

m b a f a
m f b

m





− −
 −

+

−
+ +

+

  

Proof. Using (11)  

1
1

1
( 1) 1 ' '

0

( ) ( ) . ( )
[ ( ) ( ) [ ( )]]

( )

( ) (1 )
= [ ( ) ( (1 ) )]

p p p p
p p p p p

a bp p p p

p p p p p
p p p p p p p p

p

f a m f b p a
I f m b m I f

p m b a m

m b a a t
t f t b f t a m t b dt

m


  











−
+

+ −

+ −

+ 
− +

−

− −
+ − + −

By m-convexity of | |f  , we can write  

1
1

1
( 1) 1 '

0

( ) ( ) . ( )
| [ ( ) ( ) [ ( )]] |

( )

( ) (1 )
                      | ( )

                                                              

p p p p
p p p p p

a bp p p p

p p p p p
p p p

p

f a m f b p a
I f m b m I f

p m b a m

m b a a t
t f t b

m


  











−
+

+ −

+ −

+ 
− +

−

− −
 +

' ( (1 ) ) | .p p p p pf t a m t b dt− + −

1
1( ) ( ) . ( )

| [ ( ) ( ) [ ( )]] |
( )

( )(1 ) | ( ) |
             .[| ( ) | ]

( 2)

( ) | ( ) |
                               .[ | ( ) |

( 1)

p p p p
p p p p p

a bp p p p

p p p p p
p

p

p p p p
p p

f a m f b p a
I f m b m I f

p m b a m

m b a m f a
f b

p m

m b a f a
m f b

p


  







 

 

−
+

+ −

+ 
− +

−

− −
 −

+

−
+ +

+
]

pm

 

Thus, the final result is 

1( ) ( ) . ( 1)
| [ ( ) ( ) [ ( )]] |

2 2( )

( )(1 ) | ( ) |
                                              .[| ( ) | ]

2( 2)

                                     

p p p p
p p p p p

a bp p p p

p p p p p
p

p

f a m f b p a
I f m b m I f

m b a m

m b a m f a
f b

m


  







+

+ −

+  +
− +

−

− −
 −

+

( ) | ( ) |
                .[ | ( ) | ]

2( 1)

p p p p
p p

p

m b a f a
m f b

m

−
+ +

+

  

Corollary 2.7  Taking m=1 in Theorem 2.6, we obtain Theorem 

1.7  which is the Theorem 2.3 of [4].  

Lemma 2.8  Let : [ , ]p p pf a m b →  R be a differentiable mapping 

on ( , )p p pa m b  with 0 <a mb . Then the following equality 

holds . 

( ) ( ) . ( 1)
.[ ( ) ( )]

2 2( )

p p p
p p p p p

mb ap p p

f a f m b p
I f a I f m b

m b a


 




− +

+  +
− +

−
  

 
1

1

0
= ( ) [(1 ) ]. . ( (1 ) )

2

p p p
p p p p p p p pm b a

p t t t f t a m t b dt  −−
− − + −  

Proof. 
1

1

0
(1 ) . . ( (1 ) )p p p p p p pt t f t a m t b dt − − + −  

Integrating by parts, we get 

1

0

1
1 1

0

(1 ) ( (1 ) )
= |

( )

                 (1 ) . . ( (1 ) )
( )

p p p p p p

p p p

p p p p p p p

p p p

t f t a m t b

p a m b

t t f t a m t b dt
a m b



 − −

− + −

−

− − + −
− 

1
1 1

0

( )
= (1 ) . . ( (1 )

( ) ( )

p p
p p p p p p p

p p p p p p

f m b
t t f t a m t b dt

p m b a m b a

 − −− − + −
− −   

 1 1

1

( )
= ( ) . ( ).

( ) ( )

p p
mb

p p p p

p p p p p p a

f m b
x a f x x dx

p m b a m b a





 − −

+
− −

− −   

1
1

0

1

1

(1 ) . . ( (1 ) )

( ) . ( )
                        =  ( )

( ) ( )

p p p p p p p

p p
p p

mbp p p p p p

t t f t a m t b dt

f m b p
I f a

p m b a m b a








 

−

−

−+

− + −


−

− −


   (12) 

Similarly, we can also see that  
1

1

0

1

1

. . ( (1 ) )

( ) . ( )
                 = . ( )

( ) ( )

p p p p p p p

p
p p p

ap p p p p p

t t f t a m t b dt

f a p
I f m b

p m b a m b a








 

−

−

++

− + −


−

− −


 (13) 

 From (12)  and (13) , we have 

1
1

0

( ) ( ) . ( 1)
.[ ( ) ( )]

2 2( )

= ( ) [(1 ) ]. . ( (1 ) )
2

p p p
p p p p p

mb ap p p

p p p
p p p p p p p p

f a f m b p
I f a I f m b

m b a

m b a
p t t t f t a m t b dt


 



 


− +

−

+  +
− +

−

−
− − + −

 

Corollary 2.9  Consider m=1 in Lemma 2.8 , we get Lemma 1.8  

which is the Lemma 2.4 of [4].  

Theorem 2.10  Let : [ , ]p p pf a m b R→  be a differentiable 

mapping with 0 <a mb . If 'f is differentiable on ( , )p p pa m b  

.If | |f   is m-convex on [ , ]p p pa m b  Then following inequality 

holds. 

( ) ( ) . ( 1)
| .[ ( ) ( )] |

2 2( )

p p p
p p p p p

mb ap p p

f a f m b p
I f a I f m b

m b a


 




− +

+  +
− +

−
 

 
1

[| ( ) | | ( ) |](1 )
2( 1) 2

p p p
p p pm b a

f a m f b


−
 + −

+
„  

Proof. Using Lemma 2.9  and m- convexity of | |,f   we have  

1
1

0

( ) ( ) . ( 1)
| .[ ( ) ( )] |

2 2( )

( ) | [(1 ) ] | . | ( (1 ) ) |
2

p p p
p p p p p

mb ap p p

p p p
p p p p p p p p p

f a f m b p
I f a I f m b

m b a

m b a
p t t t t f t a m t b dt


 



 


− +

−

+  +
− +

−

−
− − + −„

 

1
1

0
( ) | [(1 ) ] | [ | ( ) | (1 ) | ( ) |]

2

p p p
p p p p p p p pm b a

p t t t t f a m t f b dt −−
 − − + −„

1/ 2
1

0
( )[ [(1 ) ][ | ( ) | (1 ) | ( ) |]

2

p p p p
p p p p p p p pm b a

p t t t t f a m t f b dt −−
 − − + −„   

    
1

1

1/ 2
[ (1 ) ][ | ( ) | (1 ) | ( ) |]p p p p p p p p

p
t t t t f a m t f b dt −  + − − + −   

       
1 1/ 2

0 0
= ( )[ ( ) 2 ( ) ]

2

p p p pm b a
p g t dt g t dt

−
−   

where 1( ) [ (1 ) ][ | ( ) | (1 ) | ( ) |]p p p p p p p pg t t t t t f a m t f b −  = − − + − .  

2 1

( ) ( ) . ( 1)
| .[ ( ) ( )] |

2 2( )

| ( ) | | ( ) |
               ( )[

2 ( 1)( 2) ( 1)( 2)

| ( ) | | ( ) | |
                  2[

2 ( 2) 2 ( 1)

p p p
p p p p p

mb ap p p

p p p p p p

p p p p

f a f m b p
I f a I f m b

m b a

m b a f a m f b
p

p p

f a m f b m

p p


 



 



 

   

 

− +

+ +

+  +
− +

−

 −
−

+ + + +

  
− + −

+ +

„

2 2

( ) |

( 2)

| ( ) | 1 1 1
      [ ]]]

2 ( 1)( 2) 2 ( 1) ( 1)( 2)

p

p

f b

p

f a

p  



    + +

+


+ + −

+ + + + +
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( ) ( ) . ( 1)
| .[ ( ) ( )] |

2 2( )

1
                                 [| ( ) | | ( ) |](1 )

2( 1) 2

p p p
p p p p p

mb ap p p

p p p
p p p

f a f m b p
I f a I f m b

m b a

m b a
f a m f b


 









− +

+  +
− +

−

−
 + −

+
„

  

Corollary 2.11 Taking m=1 in the Theorem 2.10  we obtain 

Theorem 1.9  which is Theorem 2.5 of [4].  

III.  Some m-convex inequalities 

Let ( ) = ( ) ( )
a

F x f x f b x
m

+ + − . It is easy to show that if ( )f x  is 

m-convex.Then function ( )F x  is also m-convex.The function F  

has the following properties  

1- 2 ( ) = ( )
2 2

a mb a b
f F

+ +
 

2- ( ) = ( ) = ( ) ( )F a F b f a f b+  

3- 
( ) ( )

( ) ( ) =
2

F a mF b
f a mf b

+
+  

Taking m=1 in 1,2 and 3, we have the result of [4] which was first 

discussed by M. Jeli and D.O.B Samet. 

Theorem 3.1  Let f be an m-convex function on the interval 

[ , ]a mb  and [ , ]f L a mb . Then ( )F x  is also integrable then the 

inequality hold 

/

( 1)
( ) [ ( ) ( / )]

2
2( )

( ) ( )
                                                    

2

p p

a m bp
p

p

a mb p
F I F b I F a m

a
b

m

F a mF b


 




+ −

+  +
+

−

+

„

„

 (14) 

 where > 0,  > 0.p   

  

Proof. As ( )f x  is a m-convex function on [ , ]a mb , for 

, [ , ]x y a mb , ( (1 ) ) ( ) (1 ) ( )f tx m t y tf x m t f y+ − + −„ . If = 1/ 2t  

then 
( ) ( )

( )
2 2

x my f x mf y
f

+ +
„ .  

Let = (1 ) ,x ta m t b+ −  
(1 )

=
t a

y tb
m

−
+ .  

Then 
(1 )

2 ( ) ( (1 ) ) ( )
2

a mb t a
f f ta m t b f tb

m

+ −
+ − + +„ . 

Using the notation of ( )F x  

                
(1 )

( ) ( )
2

a mb t a
F F tb

m

+ −
+„         (15) 

 Multiplying both sides of (15)  by 

     1 1(1 )
[ ] [ ( (1 )) ]p p pt a a

tb b tb t
m m

− −−
+  − + −           (16) 

 and then integrating  

( / )
( )

( / ) 2

p p pb a m a mb
F

p b a m





− +

−
  

1
1 1

0

(1 ) (1 )
[ ] [ ( ) ]p p pt a t a

tb b tb
m m

− −− −
+  − +„  

                                                    
(1 )

[ ( ) ]
t a

F tb dt
m

−
 +  

1 1 ( )
= ( ) ( )

b
p p p

a

m

F u
u b u du

a
b

m

− − −

−


1

/

( )
= ( ( ))p

a m

p
I F b

a
b

m


−

+



−

  

         
/

( 1)
( ) ( ( ))

2
( )

p

a mp
p

p

a mb p
F I F b

a
b

m







+

+  +


−

             (17) 

Similarly multiplying both sides of (15)  by 

           
1 1(1 ) (1 )

[ ] .[( ) ]
p

p p

p

t a t a a
tb tb

m m m

− −− −
+ + −      (18) 

 and integrating the result over [0,1]  

          
( 1)

( ) ( ( / ))
2

( )

p

bp
p

p

a mb p
F I F a m

a
b

m







−

+  +

−

„           (19) 

 Now adding (17)  and (19) ,  we get 

/

( 1)
( ) [ ( ) ( / )]

2
2( )

p p

a m bp
p

p

a mb p
F I F b I F a m

a
b

m


 




+ −

+  +
+

−

„             (20) 

First inequality is established. Now we prove the second 

inequality. Since f is m-convex, then for [0,1]t  

(1 )
( (1 ) ) ( ) ( ) ( )

t a
f ta m t b mf tb f a mf b

m

−
+ − + + +„  

Using the notation of ( )F x  

                    
(1 ) ( ) ( )

( )
2

t a F a mF b
F tb

m

− +
+ „  (21) 

 Multiplying both the sides of (21)  with factor (16)  

1 1(1 ) (1 )
[ ] [ ( ) ]p p pt a a t

tb b tb
m m

− −− −
+  − +  

and integrating it with respect of t  over [0,1]  , we get 

1
1 1

0

(1 ) (1 ) (1 )
[ ] [ ( ) ] ( )p p pt a t a t a

tb b tb F tb dt
m m m

− −− − −
+  − + +     

       
1

1 1

0

( ) ( ) (1 ) (1 )
[ ] [ ( ) ]

2

p p pF a mF b t a a t
tb b tb dt

m m

− −+ − −
+  − +„   

which further gives   

/

( 1) ( ) ( )
( ( ))

2
( )

p

a mp
p

p

p F a mF b
I F b

a
b

m







+

 + +

−

„  (22) 

Similarly multiplying both the sides of (21)  with the factor (18)

and then integrating , we get 

    
( 1) ( ) ( )

[ ( )]
2

( )

p

bp
p

p

p a F a mF b
I F

ma
b

m







−

 + +

−

„    (23) 

Adding (22)  and (23) , we obtain 

/

( 1) ( ) ( )
[ ( ) ( / )]

2
2( )

p p

a m bp
p

p

p F a mF b
I F b I F a m

a
b

m


 




+ −

 + +
+

−

„   (24) 

 From (20)  and (24)  
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/

( 1) ( ) ( )
( ) [ ( ) ( / )]

2 2
2( )

p p

a m bp
p

p

a mb p F a mF b
F I F b I F a m

a
b

m


 




+ −

+  + +
+

−

„ „

This completes the proof.  

Corollary 3.2  Taking =1m  in Theorem 3.1, the inequality 14  

become the result of [4] 

  
( 1) ( ) ( )

( ) [ ( ) ( )] )
2 22( )

p p

a bp p

a b p F a F b
F I F b I F a

b a


 




+ −

+  + +
+

−
„ „  

Remark 3.3 Theorem 3.1 is a generalization of Hermite-

Hadamard inequality. If we take =1m  and 1p †  in inequality 

of the Theorem 3.1.   
Noticing that 

      1

1

1
( ) = ( ) ( ) = ( ) ( )lim

( )

b
p

a a b
ap

I F b b t F t dt J f b J f a   



−

+ + −
→

− +
    

      1

1

1
( ) = ( ) ( ) = ( ) ( )lim

( )

b
p

b b a
ap

I F a t a F t dt J f a J f b   



−

− − +
→

− +
    

Riemann-Liouville form of Hermite -Hadamard inequality [3] is 

obtained.  

Corollary 3.4  Let f is a m-convex function on the interval 

[ , ]a mb  and [ , ]f L a mb  Then F(x) is also integrable and the 

following inequalities hold 

/

( 1) ( ) ( )
( ) [ ( ) ( / )]

2 2(ln( / )) 2
a m b

a bm F a mF b
F H F b H F a m

mb a

 




+ −

+  + +
 + „   

Proof. Using the inequality (14)  

/

( 1) ( ) ( )
( ) [ ( ) ( / )]

2 2
2( )

p p

a m bp
p

p

a mb p F a mF b
F I F b I F a m

a
b

m


 




+ −

+  + +
+

−

„ „

Letting 0p +→  in equation (14)  and noticing 

/ /
0

( ) = ( )lim
p

a m a m
p

I F b H F b 

+ +
+→

 

0

( / ) = ( / )lim
p

b b
p

I F a m H F a m 

− −
+→

 

So  

/

( 1) ( ) ( )
( ) [ ( ) ( / )]

2 2(ln( / )) 2
a m b

a bm F a mF b
F H F b H F a m

mb a

 




+ −

+  + +
 + „   

Remark 3.5  Taking =1m , we obtain the Hermite-Hadamard 

inequality for Hadamard fractional integral [4].  

    
( 1) ( ) ( )

( ) [ ( ) ( )]
2 22(ln( / ))

a b

a b F a F b
F H F b H F a

b a

 




+ −

+  + +
+„ „  

Lemma 3.6  Let :[ , ]f a mb R→  be a differentiable function on 

the interval ( , )a mb  with <a mb . If [ , ]f L a mb  and 

[ , ]F L a mb , then following equality holds  

/

( / ) ( ) ( 1)
[ ( ) ( / )]

2
2( )

p p

a m bp
p

p

F a m F b p
I F b I F a m

a
b

m


 




+ −

+  +
− +

−

 

                                 
1

0

( )
(1 )

= ( ) ( )

2( )
p

p

p

a
b

t am t F tb dt
ma

b
m




−

−
 +

−
  (25) 

 where 
(1 ) (1 )

( ) = [( ) ] [ ( ) ]
p

p p p

p

t a a t a
t tb b tb

m mm

 
− −

+ − − − +  

Proof. Take R.H.S 

1

0

( )
(1 )

= ( ) ( )

2( )
p

p

p

a
b

t am t F tb dt
ma

b
m




−

−
 +

−
  

Note that 

1

0

(1 )
= ( ) ( )

t a
I t F tb dt

m


−
 +  

1

0

(1 ) (1 )
= [( ) ] [ ( )]

p
p

p

t a a t a
I tb F tb dt

m mm

− −
+ − +  

1

0

(1 )
[ ( ) ]p pt a
b tb

m

−
− − +  

(1 )
[ ( )]

t a
F tb dt

m

−
 +   

therefore                         
1 2=I I I+                                    (26) 

where  
1

1
0

(1 )
= [( ) ]

p
p

p

t a a
I tb

m m

−
+ −  

(1 )
[ ( )]

t a
F tb dt

m

−
 +  

Let 
(1 )

=
t a

u tb
m

−
+ .  Then 

1
/

1
= [ ] ( )

( )

p
b

p

pa m

a
I u dF u

a m
b

m

−

−
  

Integrating by parts, we obtain 

    
1

( )
( 1)

= ( ) . ( / )

( ) ( )

p
p

p
p

b

a
b

pmI F b I F a m
a a

b b
m m





−

−
 +

−

− −

               (27) 

and 
1

2
0

(1 ) (1 )
= [ ( ) ] [ ( )]p pt a t a

I b tb F tb dt
m m

− −
− − + +  

    
1

2
0

1 (1 ) (1 )
= [ ( ) ] [ ( )][ ]

( )

p pt a t a a
I b tb F tb b dt

a m m m
b

m

− −
− − + + −

−
  

Letting 
(1 )

=
t a

u tb
m

−
+ , we have 

2
/

1
= [ ] ( )

( )

b
p p

a m
I b u dF u

a
b

m

− −

−
  

Integrating by parts, we obtain 

    
2 /

( )
( 1)

= ( / ) . ( )

( ) ( )

p
p

p
p

a m

a
b

pmI F a m I F b
a a

b b
m m





+

−
 +

−

− −

        (28) 

 From equation (27)  and (28)  put values of 
1I  and 

2I  in (26)  

/

( )
( 1)

= [ ( / ) ( )] [. ( / ) . ( )]

( ) ( )

p
p

p
p p

b a m

a
b

pmI F a m F b I F a m I F b
a a

b b
m m




 
− +

−
 +

+ − +

− −

After simplification,  the final result is obtained 

/

( / ) ( ) ( 1)
[ ( ) ( / )]

2
2( )

p p

a m bp
p

p

F a m F b p
I F b I F a m

a
b

m


 




+ −

+  +
− +

−
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1

0

( )
(1 )

= ( ) ( )

2( )
p

p

p

a
b

t am t F tb dt
ma

b
m




−

−
 +

−
  

Corollary 3.7  Taking =1m  in Lemma 3.6   

( ) ( ) ( 1)
[ ( ) ( )]

2 2( )

p p

a bp p

F a F b p
I F b I F a

b a


 




+ −

+  +
− +

−
  

 
1

0

( )
= ( )

2( )p p

b a
t

b a


−

−  ( (1 ) )F tb t a dt + −  

which is Lemma 3.4 of  [4].  

Theorem 3.8  Let :[ , ]f a mb R→  be a differentiable mapping 

on the interval ( , )a mb  with <a mb , [ , ]f L a mb  and 

[ , ]F L a mb . Then we have 

/

( / ) ( ) ( 1)
| [ ( ) ( / )] |

2
2( )

p p

a m bp
p

p

F a m F b p
I F b I F a m

a
b

m


 




+ −

+  +
− +

−

  

               
1

0

( )
| ( ) |

[| ( ) | ] | ( ) |

2( )
p

p

p

a
b

f am f b t dt
ma

b
m




−


 +

−
„

 (29) 

where 
(1 ) (1 )

( ) = [( ) ] [ ( ) ]
p

p p p

p

t a a t a
t tb b tb

m mm

 
− −

+ − − − +  

Proof. Using the notation of 

( ) = ( ) ( )
a

F x f x f b x
m

  + + −  

By the m-convexity of | ( ) |f x  

(1 ) (1 ) (1 )
| ( |=| ( ) ( ) |

t a t a a t a
F tb f tb f b tb

m m m m

− − −
  + + + + − −   

and therefore                

              
(1 ) | ( ) |

| ( ) | | ( ) |
t a f a

F tb f b
m m

−
 + +„  (30) 

 Using (25)  and (30)  

/

( / ) ( ) ( 1)
| [ ( ) ( / )] |

2
2( )

p p

a m bp
p

p

F a m F b p
I F b I F a m

a
b

m


 




+ −

+  +
− +

−

  

               
1

0

( )
| ( ) |

| ( ) | [| ( ) | ]

2( )
p

p

p

a
b

f am t dt f b
ma

b
m




−


 +

−
„  

Hence 

/

( / ) ( ) ( 1)
| [ ( ) ( / )] |

2
2( )

p p

a m bp
p

p

F a m F b p
I F b I F a m

a
b

m


 




+ −

+  +
− +

−

 

  „
1

0

( )
| ( ) |

| ( ) | [| ( ) | ]

2( )
p

p

p

a
b

f am t dt f b
ma

b
m




−


 +

−
  

Where 
(1 ) (1 )

( ) = [( ) ] [ ( ) ]
p

p p p

p

t a a t a
t tb b tb

m mm

 
− −

+ − − − +  

Remark 3.9  If we take m=1 in Theorem 3.8 , we obtain the 

following of [4]  

( ) ( ) ( 1)
| [ ( ) ( )] |

2 2( )

p p

a bp p

F a F b p
I F b I F a

b a


 




+ −

+  +
− +

−
  

 
1

0

( )

( )(| ( ) | ( ) |)

2( )
p

p

p

a
b

m t f a f b
a

b
m


−

 +

−
„  

Remark 3.10  In Theorem 3.8 , by letting 1p→  along with 

=1m  
1 1

0 01

( ) = ( ) [ (1 ) ]lim
p

t dt b a t t dt  
→

− − −   

      
1/2 1

0 1/2
= ( ) [ ((1 ) ) ( (1 ) ) ]b a t t dt t t dt    − − − + − −   

      
2( ) 1

= [1 ]
1 2

b a 



−
−

+
 

which is remark 3.6  of [4]. Using the fact 

( ) = ( ) = ( ) ( )F a F b f a f b+ and 

      1

1

1
( ) = ( ) ( ) = ( ) ( )lim

( )

a
p

a a b
bp

I F b b t F t dt J f b J f a   



−

+ + −
→

− +
    

      1

1

1
( ) = ( ) ( ) = ( ) ( )lim

( )

a
p

b b a
bp

I F a t a F t dt J f a J f b   



−

− − +
→

− +
    

Theorem 3.8  becomes as follows 

( ) ( ) ( 1)
| [ ( ) ( )] |

2 2( )

( ) 1
                                      (1 )[| ( ) | | ( )]

2( 1) 2

a b

f a f b
J f b J f a

b a

b a
f a f b

 









+ −

+  +
− +

−

−
  − +

+

  

which is [Theorem 3, 23].  

Theorem 3.11  Let :[ , ]f a mb R†  be an m-convex function 

with a mb„ , [ , ]f L a mb  and [ , ]F L a mb . Then ( )F x  is also 

m-convex function. If :[ , ]g a mb R†  is non negative and 

integrable, then the following inequality holds  

/

/

/

( )[ ( ) ( / )]
2

                           ( )( ) ( )( / )

( ) ( )
                           [ ( ) ( / )]

2

p p

a m b

p p

a m b

p p

a m b

a bm
F I g b I g a m

I gF b I gF a m

F a mF b
I g b I g a m

 

 

 

+ −

+ −

+ −

+
+

+

+
+

„

„

 (31) 

Proof. Since f is m-convex function on [ , ]a mb  and for all 

[0,1]t   

(1 )
2 ( ) ( (1 ) ) ( )

2

a mb t a
f f ta m t b f tb

m

+ −
+ − + +„  

Using the notation of F(x) 

                    
(1 )

( ) ( )
2

a mb t a
F F tb

m

+ −
+„  (32) 

 Multiplying both sides of (32)  by 

 

1 1(1 ) (1 ) (1 )
[ ] [ ( ) ] ( )p p pt a t a t a

tb b tb g tb
m m m

− −− − −
+  − + +  (33) 

 and integrating 
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1
1

1

/
0

( ) (1 ) (1 )
( ) ( ) ( )[ ]

2
( )

p p

a m

p a mb t a t a
F I g b F tb tb

a m m
b

m


−

−

+

 + − −
+ +

−
„  

1(1 ) (1 )
            [ ( ) ] ( )p pt a t a

b tb g tb
m m

−− −
 − + +  

                                             
1

1

/

(. )
= ( )( )( )

( )

p
b

p p

a m

x dx
gF x b a

a
b

m


−

−−

−
  

                               
1

/

( )
= ( ( ))

( )

p

a m

p
I gF b

a
b

m


−

+



−

 

/ /( )( ( )) ( ( )( ))
2

p p

a m a m

a mb
F I g b I gF b 

+ +

+
„   (34) 

 Similarly multiplying both sides of inequality (32)  by 

1 1(1 ) (1 ) (1 )
[ ] .[( ) ] ( )

p
p p

p

t a t a a t a
tb tb g tb

m m mm

− −− − −
+ + − +       (35) 

 and integrating similarly we get 

( )( ( / )) ( ( )( / ))
2

p p

b b

a mb
F I g a m I gF a m 

− −

+
„           (36) 

 Adding inequalities (34) and (36)  

/( )[ ( ) ( / )]
2

p p

a m b

a mb
F I g b I g a m 

+ −

+
+  

                            /[ ( )( ) ( )( / )]p p

a m bI gF b I gF a m 

+ −+„          (37) 

The first inequality is proved. Now for the second inequality.  As 

f is m-convex function .Then for all [0,1]t  

(1 )
( (1 ) ) ( ) ( ) ( )

t a
f ta m t b mf tb f a mf b

m

−
+ − + + +„  

Using the notation of ( )F x  

 

       
(1 ) ( ) ( )

( )
2

t a F a mF b
F tb

m

− +
+ „          (38) 

 Multiplying both sides of (38)  by factor (33) and integrating it, 

we get 
1 1

/ /

( ) ( ) ( ) ( )
[ ( )( )] [ ] ( ( ))

2
( ) ( )

p p

a m a m

p F a mF b p
I gF b I g b

a a
b b

m m

 
  − −

+ +

 + 

− −

„    

            
/ /

( ) ( )
( ( )( )) [ ]( ( ))

2

p p

a m a m

F a mF b
I gF b I g b 

+ +

+
„          (39) 

 Similarly multiplying both sides of (38)  by the factor (35) , and 

then integrating, we obtain  

( ) ( )
( ( )( / )) [ ]( ( / ))

2

p p

b b

F a mF b
I gF a m I g a m 

− −

+
„      

(40) 

 Adding (39)  and (40)  

/

/

[ ( )( ) ( )( / )]

( ) ( )
                             [ ( / ) ( ( )]

2

p p

a m b

p p

b a m

I gF b I gF a m

F a mF b
I g a m I g b

 

 

+ −

− +

+

+
+„

   (41) 

 From (37)  and (41) , required result is obtained that is 

/

/

( )[ ( ) ( / )]
2

                              [ ( )( ) ( )( / )]

p p

a m b

p p

a m b

a mb
F I g b I g a m

I gF b I gF a m

 

 

+ −

+ −

+
+

+„

  

              
( ) ( )

2

F a mF b+
„ /[ ( / ) [ ( )]p p

b a mI g a m I g b 

− ++  

Remark 3.12  If = 1,m Theorem 3.11 becomes the following 

result of [4] 

( )[ ( ) ( )]
2

                         [ ( )( ) ( )( )]

p p

a b

p p

a b

a b
F I g b I g a

I gF b I gF a

 

 

+ −

+ −

+
+

+„

 

                               
( ) ( )

2

F a F b+
„  [ ( ) [ ( )]p p

b aI g a I g b 

− ++  

Remark 3.13  Theorem 3.11 is a generalization of Hermite-

Hadamard-Fejer type inequalities of [13]. 

If we take  ( ) =1g x in Theorem  3.11, it becomes  (14)  of 

Theorem  3.1. 
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