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Abstract

In this paper, We are consider a (2+1)-dimensional generalized Gardner equation with damp-
ing term is subjected to the Lie symmetry group method. Classification of its symmetry
algebra into one- and two-dimensional subalgebras is carried out in order to facilitate its
reduction systematically to (1+1)-dimensional partial differential equations and then to first
order ordinary differential equations.
Keywords: Nonlinear PDE, Lie’s Classical Method, Lie’s Algebra, and Symmetry group.
AMS Code: 35G20, 78J70.

Introduction

The study of non-linear evolution equations, which describes a large variety of physical phe-
nomena is an important area of research that has gained a lot of attention in the past few
decades [?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?, ?]. There are different situations in
which it is necessary to consider dual non-linear terms. For example, in a density stratified
ocean, where internal gravity waves are observed, the single non-linear term does not cor-
rectly model the shallow water waves.

Basically, the KdV equation with dual-power law with non-linearity is the Gardner equa-
tion.

ut + pux + quux + ru2ux + suxxx = 0, (1)

where p, q, r and s are arbitrary non-zero constants. Krishnan et al. [?, ?] have studied the
dynamics of solitary waves governed by this equation. They used the mapping method to
carry out the integration of the equation and studied the perturbed Gardner equation, from
which the fixed point of the soliton width was obtained and also carried out the integration
of the perturbed Gardner equation with the aid of He’s [?] semi-inverse variational principle.
Johnpillai et al. [?] have shown that the Benjamin-Bona-Mahoney (BBM) equation with
power law non-linearity can be transformed by a point transformation to the combined
KdV-mKdV equation, which is also known as the Gardner equation,

ut + auux + bu2ux + uxxx = 0, (2)

where a and b are arbitrary non-zero constants. After that, they have studied the combined
KdV-mKdV equation from the Lie group-theory. The generators of the combined KdV-
mKdV equation were derived the symmetry reductions by Lie point symmetry. Also, by the
Lie point symmetries of the equations were obtained from a number of exact group-invariant
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solutions for that equation. Some of the results are especially interested in physical and
mathematical sciences.

In this paper, we consider the (2 + 1)- dimensional generalized Gardner equation with
damping term,

ut + (2δu− 3σu2)ux + uxxx + uyy + u = 0. (3)

Thus, we investigate the symmetries and reductions of (??).
We showed that the (??), admits a symmetry group and determine the corresponding Lie

algebras, then classifies the one- and two- dimensional subalgebras of the symmetry algebras
of (??), in order to reduce (1+1)-dimensional partial differential equations and then to
ordinary differential equations. We establish that the symmetry generators form a closed
Lie algebra and this allowed us to successively reduce (??) to (1+1)-dimensional partial
differential equation and ordinary differential equation with the help of two dimensional
abelian and solvable non-abelian subalgebras.

Lie Symmetry Group and Lie Algebra of (2+1)-dim Generalized Gardner
Equation with Damping Term

If (??) is invariant under a one parameter Lie group of point transformations,

x∗ = x+ εξ(x, y, t;u) +O(ε2) , (4)

y∗ = y + εη(x, y, t;u) +O(ε2) , (5)

t∗ = t+ ετ(x, y, t;u) +O(ε2) , (6)

u∗ = u+ εφ(x, y, t;u) +O(ε2), (7)

with the infinitesimal generator ξ, η, τ and φ. Then, the third prolongation pr(3)V of the
corresponding vector field,

V = ξ(x, y, t;u)∂x + η(x, y, t;u)∂y + τ(x, y, t;u)∂t + φ(x, y, t;u)∂u, (8)

satisfies
pr(3)V Ω(x, y, t;u)|Ω(x, y, t;u) = 0. (9)

In order, to determine the four infinitesimal ξ, η, τ and φ. Then, the third order prolon-
gation V is given by the formula,

V (3) = v + φx
∂

∂ux
+ φy

∂

∂uy
+ φt

∂

∂ut
+ φxx

∂

∂uxx
+ φxy

∂

∂uxy
+ φxt

∂

∂uxt

+φyy
∂

∂uyy
+ φyt

∂

∂uyt
+ φtt

∂

∂utt
+ φxxx

∂

∂uxxx
+ φxxy

∂

∂uxxy

+φxxt
∂

∂uxxt
. (10)

In the above expression, every co-efficient of the prolonged generator is a function of
x, y, t and u can be determined by the formulae,

φi = Di(φ− ξux − ηuy − τut) + ξux,i + ηuy,i + τut,i, (11)

φij = DiDj(φ− ξux − ηuy − τut) + ξux,ij + ηuy,ij + τut,ij, (12)

φijk = DiDjDk(φ− ξux − ηuy − τut) + ξux,ijk + ηuy,ijk + τut,ijk, (13)
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where Di represents total derivative and subscripts of u derivative with respect to the re-
spective coordinates. To proceed with reductions of (??), we now use symmetry criterion for
the partial differential equation. For the given equation, this criterion is expressed by the
formula,

V (3) (ut + ux + uy + uux + uuy − uxxt − uyyt) = 0,

whenever,
φt + φx + φy + φφx + φφy − φxxt − φyyt = 0. (14)

Using (?? - ??), we introduced the following quantities,

φx = Dx (φ− ξux − ηuy − τut) + ξuxx + ηuyx + τutx

= φx + (φu − ξx)ux − ηxuy − τxut − ξuu2
x − ηuuxuy − τuuxut,

φxx = DxDx (φ− ξux − ηuy − τut) + ξuxxx + ηuyxx + τutxx

= φxx+ (2φxu − ξxx)ux − ηxxuy − τxxut + (φu − 2ξx)uxx − 2ηxuxy

−2τxuxt + (φuu − 2ξux)u
2
x − 2ηuxuxuy − 2τxuuxut − ξuuu3

x − 3ξuuxuxx

−ηuuu2
xuy − τuuu2

xut − 2ηuuxuxy − ηuuxxuy − τuuxxut− 2τuuxuxt,

φyy = DyDy (φ− ξux − ηuy − τut) + ξuxyy + ηuyyy + τutyy

= φyy − ξyyux + (2φyu − ηyy)uy − τyyut − 2ξyuxy + (φu − 2ηy)uyy

−2ξyuuxuy − 2τyuuyut + (φuu − 2ηyu)u
2
y − 2τyuyt − 2ξuuyuxy − 3ηuuyuyy

−ξuuu2
yux − ξuuyyux − ηuuu3

y − 2τuuyuyt − τuuyyut − τuuu2
yut,

φt = Dt (φ− ξux − ηuy − τut) + ξux,t + ηuy,t + τut,t

= φu + ut (φu − τt)− τuu2
t − ξuutux − ξtux − ηuutuy − ηuuy.

Substituting all the above formulae in (??) and then compare the co-efficients of various
monomials in derivatives of ”u”. This yields the determining equation.
They are as follows:

(ξ1)u = 0,

(ξ2)u = 0,

(ξ3)u = 0,

(φ1)u,u = 0,

(ξ1)y = 0,

(ξ3)y = 0,

(ξ2)x = 0,

(ξ3)x = 0,

φ1 + 2uφ1 − (ξ1)t + 2 (ξ1)x + 2u (ξ1)x + 2u2 (ξ1)x
− (ξ1)x,x,x + 3 (φ1)x,x,u = 0,
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φ1 + 3u (ξ1)x + (φ1)t − u (φ1)u + (φ1)x + u (φ1)x x

+u2 (φ1)x + (φ1)y,y + (φ1)x,x,x = 0,

− (ξ1)x,x + (φ1)x,u = 0,

3 (ξ1)x − 2 (ξ2)y = 0,

3 (ξ1)x − (ξ3)t = 0,

− (ξ2)t − (ξ2)y,y + 2 (φ1)y,u = 0. (15)

After solving the above determining equations, we obtained the following infinitesimals.
Infinitesimals:

ξ = k3, (16)

η = k2, (17)

τ = k1, (18)

φ = 0. (19)

Now, we construct the symmetry generators corresponding to each of the constants in-
volved. Totally there are four generators given by

V1 =
∂

∂t
,

V2 =
∂

∂y
,

V3 =
∂

∂x
. (20)

Thus, we can construct a one-parameter group of invariants gi(ε), generated by the vector
Vi, where i = 1, 2 and 3 are given as follows,

g1(ε) : (x, y, t;u) → (x, y, t+ ε, u) ,

g2(ε) : (x, y, t;u) → (x, y + ε, t, u) ,

g3(ε) : (x, y, t;u) → (x+ ε, y, t, u) .

Hence, g1 is the time translations. Also, g2 and g3 are the space-invariant of the equation.
Next, we construct the commutator table with the symmetric generators. It is shown below:

Commutator Table
[Vi, Vj] V1 V2 V3

V1 0 0 0
V2 0 0 0
V3 0 0 0

In the above table are shown the commutator relations of the Lie algebra L, determined by
the vectors V1, V2 and V3. For the commutator table of three-dimensional Lie Algebra Vi is
a (3⊗ 3) table whose (i, j)th entry expresses the Lie Bracket [Vi, Vj] given by the above Lie
Algebra L. Therefore, the commutator table is skew-symmetric and the diagonal elements
all vanish. Also, the related structure constants can be calculated from the above table are
as follows and the Lie algebra L is solvable. Thus, the radical of G is R =< V1, V2, V3 >.
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Symmetry Reductions of (2+1)-dim Generalized Gardner Equation by
one-dimensional Subalgebras

In this section, we derive the reductions of (??) to a partial differential equation with two
independent variables and ordinary differential equations. These are three one-dimensional
Lie subalgebras are given below:

Ls,1 = {V1} , Ls,2 = {V2} and Ls,3 = {V3}

and corresponding to each one-dimensional subalgebras we may reduce (??) to a partial
differential equation with two independent variables.
Case 1:
The Subalgebra Ls,1 = V1 = ∂t.
The characteristic equation associated with this generator is

dx

0
=
dy

0
=
dt

1
=
du

0
.

Thus, we integrate the characteristic equation to get their corresponding similarity variables,

x = a; y = b;u = w(a, b). (21)

Using these similarity variables in (??) can be transformed in the form

(2δw − 3σw2)wa + waaa + wbb + w = 0. (22)

Case 2:
The Subalgebra Ls,2 = V2 = ∂y.
The characteristic equation associated with this generator is

dx

0
=
dy

1
=
dt

0
=
du

0
.

Thus, we integrate the above characteristic equation to find the similarity variables, which
shown below:

x = a; t = b;u = w(a, b). (23)

Using these similarity variables in (??) can be transformed in the form

(2δw − 3σw2)wa + waaa + wb + w = 0. (24)

Case 3:
The Subalgebra Ls,3 = V3 = ∂x.
The characteristic equation associated with V3 is

dx

1
=
dy

0
=
dt

0
=
du

0
.

Hence, we can integrate the characteristic equation to obtain the similarity variables,

y = a; t = b;u = w(a, b). (25)

Using these similarity variables in (??) can be transformed in the form

waa + wb + w = 0. (26)
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Table 1
S.No. V ectorF ield Similarity V ariables Similarity Reductions

1 V1 = ∂t x = a; y = b;u = w(a, b) (2δw − 3σw2)wa + waaa + wbb + w = 0
2 V2 = t∂y x = a; t = b;u = w(a, b) (2δw − 3σw2)wa + waaa + wb + w = 0
3 V3 = −∂x y = a; t = b;u = w(a, b) waa + wb + w = 0

Symmetry Reductions of (2+1)-dim Gardner Equation by two-dimensional
Abelian Subalgebras

Further reductions to ordinary differential equations are associated with two-dimensional
subalgebras. It is evident from the commutator table that there are three two-dimensional
solvable abelian subalgebras namely,

LA,1 = {V1, V2}, LA,2 = {V1, V3} , and LA,3 = {V2, V3}.

There is no Non-abelian subalgebra in the commutator table.
Case : 1
The Subalgebra LA,1 = {V1, V2}.

In this case, we find that the given generators commute [V1, V2] = 0. Thus, either of V1

or V2 can be used to start the reduction procedure. For our purpose, we begin the reduction
with V1. In this case, (??) is reduced to the partial differential equation (??).
Now, we express V1 in terms of the similarity variables defined in (??) as,

V ∗
2 = ∂b. (27)

The associated characteristic equation is

da

0
=
db

1
=
dw

0
.

Integrating the above equation as before yields to the new variables a = ζ,
F (ζ) = w. As a result (??) reduces to,

Fζζζ + (2δF − 3σF 2)Fζ = 0. (28)

Case : 2
The Subalgebra LA,2 = {V1, V3}.

In this case, we find that the given generators commute [V1, V3] = 0. Thus, either of
V1 or V3 can be used to start the reduction procedure. For our convenience, we begin the
reduction with V1. In this case, (??) is reduced to the partial differential equation (??).
Now, we express V1 in terms of the similarity variables defined in (??) as

V ∗
3 = ∂a. (29)

The associated characteristic equation is,

da

1
=
db

0
=
dw

0
.
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Integrating the above equation as before yields to the new variables b = ζ,
F (ζ) = w. As a result (??) reduces to

F + Fζζ = 0. (30)

Case : 3
The Subalgebra LA,3 = {V2, V3}.

In this case, we find that the given generators commute [V2, V3] = 0. Thus, either of V2

or V3 can be used to start the reduction procedure. For our purpose, we begin the reduction
with V2. In this case, (??) is reduced to the partial differential equation (??).
Now, we express V3 in terms of the similarity variables defined in (??) as

V ∗
3 = ∂a. (31)

The associated characteristic equation is

da

1
=
db

0
=
dw

0
.

Integrating the above equation as before yields to the new variables ζ = b,
F (ζ) = w. As a result (??) reduces to,

F + Fζ = 0. (32)

Table 2
S.No. LieBracket Similarity V ariables Similarity Reductions

1 [V1, V2] = 0 a = ζ;w = F (ζ) Fζζζ + (2δF − 3σF 2)Fζ = 0
2 [V1, V3] = 0 b = ζ;w = F (ζ) Fζζ + F = 0
3 [V2, V3] = 0 b = ζ;w = F (ζ) F + Fζ = 0

Conclusion

We determined (2+1)-dimensional Generalized Gardner equation with damping term is sub-
jected to Lie Classical Method. The Gardner equation (??) admits a three-dimensional
symmetry group. We established that the symmetry generators form a closed Lie algebra
and the classifications of symmetry algebras of (??) into one- and two-dimensional abelian
subalgebras are carried out. Finally, from the Table 1 and 2, we obtained, the classification
of systematic reductions to (1+1)-dimensional partial differential equation and then to first
or second order ordinary differential equations are performed through one-dimensional and
two-dimensional solvable abelian subalgebras.
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