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Abstract- In this paper, four novel sequences named as Pan-San, Pan-San Buddy, Pan-San Comrade
and Pan-San Mate sequences are discovered. Also, the recurrence relations, the general formulae for

all sequences and some theorems are invented by exploiting basic concepts of matrices.
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1. INTRODUCTION

Assume that d # 1 is any positive square free integer. Then the equation x? — dy? = 1 is called as
the classical Pell equation. There are numerous integer solutions (x,, y,) for n > 0, for this Pell
equation. Many authors such as Lenstra [4], Matthews [5], Techan [9] and others take some certain
Pell equations and solutions into account. Pandichelvi .V, Sandhya .P [7] discovered two tremendous
sequences Cheldhiya and Cheldhiya companion sequences by taking d = k? + 1 in the Pell equation

x% — dy? = +1. The Pan-San, Pan-San Buddy, Pan-San Comrade and Pan-San Mate sequences are
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formed in this communication for the solution to the equation x? — dy? = 1 for some specific d.

A few theorems are also supported using these sequences.

2. PAN-SAN AND PAN-SAN BUDDY SEQUENCES

The C and D values in the universal equation D? — dC? = 1 for certain non-zero square-free integer
d=k?*+ 2,k € N—{1} propagates two novel sequences O,k,2k(k?+ 1),4k(k*+ 1)% —
k,8k?(k? +1)3 —4k(k? +1)%,... and 1,k?2+12(k?+1)2-1,4k*+1)3-3(k?*+1),..
and named as Pan-San sequence and Pan-San Buddy sequence respectively. The nth term of the first

sequence is interpreted by the recurrence relation

Coge = 2(k* + DCpoy o — Cpzpy  k,me€N—{1}

where Cy, = 0,Cyy = k.

The nth term of the second sequence is standardized by the recurrence relation
Dpj =2(k*+1)Dy 1 —Dpnop, kn€N-—{1}

where Dy, = 1,Dy, = k% + 1.

Define the Pan-San sequence matrix as

M= (2(k21+ 1) —01)
Now,

() = CETD D)= T)= ()
Also,
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e (i) = CUD ) = (Mt =)

More generally,

C k Cn+1k
(o )=o)
Cn—l,k Cn,k
Theorem: 2.1

2 — - -
If M = (Z(k 1+ 1) 01) is a Pan-San sequence matrix, then the n'" term of the Pan-San sequence

is generalized by

1

Cok = ———
nk = Nirrz

[((k2 +1) + kVk? + z)n — ((k2 +1) — kVvk2 + Z)n], where n € W, the set of all

whole numbers.
Proof:

Given

M= (2(k21+ 1) —01)

The characteristic equation A% — 2(k? + 1)A + 1 = 0 of M reveals two distinct eigen values o =

k*+ 1) +kvk2+2andt = (k?+1) —kvk2+2.
Also, 22 =2(k? + DA -1
A3 =222

=@k2+1D2-DAr-2(k%+1) = %(63,,(/1 ~Cy)

http://xisdxjxsu.asia VOLUME 17 ISSUE 06 59-68



http://xisdxjxsu.asia/

Journal of Xi’an Shiyou University, Natural Science Edition ISSN : 1673-064X
kA3 = C3 A — Cyp
2t = [8(k? + 1) — 4(k? + DA — [4(k? + 1) = 1] = = (Capch — C3)
kA* = Cypd — C3
In general, kA" = C, A — Cpimq (@)
Since both ¢ and 7 are the characteristic values, they must satisfy (1), hence
ko™ = (Cn,kcr — Cn—l,k) and k1" = (Cn,k‘[ — Cn—l,k)

=> k(o™ —1") = Cpp(o — 1)

k(c™—t")

(o-1)

Therefore, C, , =

C,, [((k2 +1) + kVk? + z)n — ((k2 +1) — kVk? + Z)n], where n € W, the set of all

1
kT V22

whole numbers.

Theorem: 2.2
If {D,,.x} and {C,, x } are Pan-San Buddy sequence and Pan-San sequence respectively, then

i kDpg = (k*+ DCpp — Cpvi

i DyjeCok =75 Cone
i, Dpyig— Dnogi = 2k(k® + 2)Cp
ivV.  (Cox+ Cnork) +1=Dopis

V. Crs1k — Cno1x = 2kDp
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Vi, Dpyix—Dpoqp = 2k (k? + 2)Cn,k
Proof:

i. By using the characteristic values of the Pan-San sequence as explained in theorem 2.1, their

product is given by o7 = 1.
The closed form the Pan-San Buddy sequence is specified by
Dp;=Ac" + Bt" (2)

The fundamental values Dy = 1, Dy, = k? + 1 provides the subsequence system of linear

equations A+ B =1
Ao + Bt =k? + 1.

_ (k2+1)-7 o—(k?+1)

o—T

Precisely, A and B =

Consequently, the specific value of D,,  is pointed out by

= —[(k*+ (0" — ) + or(z"" 1 = " 1)]

(k2+1) 1
= X Cn,k % Cn—l,k

“ kDpy = (k* +1)Cpp — Cp1 i

ii.  The alternative forms of the above values of A and B are epitomized by

_ (kP+1)-7 kK242 1
2

A = =
o-T 2kVk2+2
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The equivalent values of the general term of the Pan-San Buddy sequence is noted as

1
D,y =3(c"+1")

Hence,
_ (o +T™ (k(c"-T™)
Dn,kCn,k - ( 2 ) ( (o-71) )
— k 2n __ +2n
2(0-1) (0 T )
1
anCn,k - ECan

1r n+1,.n+1\_1( n-1,.n-1
Dpnt1k—Dn-1k _ E(U +T )_E(a +T )
- k(o™ —1h)

(0-1)

Cn,k

_ (O'—T) (O.n+1+Tn+1_O.n—1_Tn—1)

2k (on—1h)

_ (o-7) (e 4 l_gNr—gT™)

2k (on—1h)

_ (o0,
T2k (6-1)

= 2k(k?+2)
Dn+1,k - Dn—l,k = Zk(kz + 2)Cn,k

k(an_.cn) k(o.n—l_.[n—l)

(0-7) (o-1)

P 2
v, (Coget Cooaie) +1=| | +1
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:{ k [0"—T"+0”T—a‘rn]}2+1

(o-1)

= k n n 2
_{(H)[" @+ -1+ o)} +1

_ (J’i)z [02%(1 + ©)2 + 2(1 + 0)? — 26" (1 + ©)(1 + 0)] + 1

= # [62™ 4+ 2" + 6272(0%2" 2 + 2" 2) + 201 (0?1 + 2 1) —4(k2 + 2)] + 1
= # [((62" + 12) + 6212 (62" 2 + 12" 2) + 20t(0?™ L + 2" 1) — 4(k2 + 2)] + 1
= 013 [ 2Dons + 2Danoo i + 4Dsn-14]

- 4(k21+2) 4(k? + 2 )Dyp1

(Cok + Cro1ie) +1= Doy
V. Cuyrge— Cnorpe = 2(k% +1)Crp — Cpoq e — Cron i
=2(k*+1)Cpx — 2Cp_1
Costk — Cuoie = 2kDy
Vi, Dnyrje = Dpogge = 5 (@ 4771 = 2 (o™t 4 0m7)

— %[O.n+1 + Tn+1 _ O'nT _ O"L'n]

=;lo"(0—D = 1"(0 - 7)]

=-[(e" = ™) (o — 7]
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_ (2k\/k2+2)2
= Cnk

Dn+1,k - Dn—l,k = Zk(kz + 2)Cn,k

3. PAN-SAN COMRADE AND PAN-SAN MATE SEQUENCES

The values of R and S in the world-wide equation S — dR? = 1 for a firm non-zero square-free
integer d = k? —2, k € N — {1} creates two handsome sequences 0,k,2k(k? —1),4k(k? —
12 — k,8k(k? — 1)3 — 4k(k? — 1),.. and 1,k?—12(k?—1)2—1,4(k?—1)%3 -3 (k% —
1), ... And Called As Pan-San Comrade And Pan-San Mate Sequences. The nth term of the earlier

sequence is construed by the relation

Ryx =2(k* —1DRp_1x — Rp—apoWhere Ry, = 0,R;, =k, k€N —{1}and N is the set of all-

natural numbers.
The nth term of the later sequence is inferred by the recurrence relation

Snx = 2(k* = 1)Sp_1x — Sn_zx Where So, = 1,5, =k*—1,k € N — {1} and n € W, the set

of whole numbers.

Define the Pan-San Comrade sequence matrix as

M = (2(k21_ 1) —01)

Now,

- (Rl,k) _ (z(kz -1) —1) (kzl_ 1) _ (z(kzk;?i — 1) _ (giz)

Also,
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w(aiy) = TP D )= ()= ()

Ry k Ry
In eneraI,SDt( v )z( s )
g Rn—l,k Rn,k

As to section, it is possible to prove the following theorem.

Theorem: 3.1

2 _ -
If Ik = (Z(k 1 1) 01) is a Pan-San Comrade sequence matrix, then the n" term of the Pan-San

Comrade Sequence is hypothesized by

n n
Ruie = = [((2 = D + kVkZ=2) = (k2 = 1) = kVkZ=2) |, where n = 0,1,23, ...
Theorem:3.2
If {R,x}and {S,} are Pan-San Comrade and Pan-San Mate sequences respectively, then

i. kSn,k = (kz - 1)Rn,k - Rn—l,k
.. 1
1. Sn,kRn,k = ERZn,k
i, Spyik — Snoix = 2k(k? = 2)R,
. 2
V. (Rn,k — Rn—l,k) —-1= SZn—l,k
V. Rn+1,k - Rn—l,k = ZkSn,k
Vi. Sn+1,k - Sn—l,k = Zk(kz - Z)Rn,k

4. CONCLUSION

In this paper, four disparate sequences and their recurrence relations named as Pan-San, Pan-San

Buddy, Pan-San Comrade and Pan-San Mate sequences are established by utilizing the generalized
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solutions (X,y) to the universal equation called as Pell equation for two non-zero square-free integers
d=k?+2,d=Fk?*—2where k € N—{1}. Also, the general formulae and few theorems are

proved involving such sequences for distinct values of d and can analyze the corresponding results.
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