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Abstract- Let 𝐺 = (𝑉, 𝐸) be a simple graph. A dominating set 𝑆 

of 𝐺 is a secure dominating set if for each 𝑢 ∈ 𝑉 − 𝑆 there exists 

𝑣 ∈ 𝑁(𝑢) ∩ 𝑆 such that (𝑆 − {𝑣} ∪ {𝑢}) is a dominating set. Let 

𝑃𝑛
∗  be the centipede with 2𝑛 vertices and let 𝒟𝑠(𝑃𝑛

∗, 𝑖) denote the 

family of all secure dominating sets of 𝑃𝑛
∗  with cardinality 𝑖. Let 

𝑑𝑠(𝑃𝑛
∗ , 𝑖) = │𝒟𝑠(𝑃𝑛

∗ , 𝑖)│. In this paper, we obtain recursive 

formula for 𝑑𝑠(𝑃𝑛
∗ , 𝑖). Using this recursive formula, we construct 

the polynomial, 𝐷𝑠(𝑃𝑛
∗ , 𝑥) = ∑ 𝑑𝑠 (𝑃𝑛

∗2𝑛
𝑖=𝑛 , 𝑖)𝑥𝑖  which we call 

secure domination polynomial of  𝑃𝑛
∗  and obtain some properties 

of this polynomial. 

 

Index Terms- domination, secure domination, secure domination 

number, secure dominating set, secure domination polynomial. 
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I. INTRODUCTION 

y a graph 𝐺 = (𝑉, 𝐸), we mean a finite, undirected graph 

with neither loops nor multiple edges. The order │𝑉│ and 

the size |𝐸| of 𝐺 are denoted by 𝑛 and 𝑚 respectively. For graph 

theoretic terminology we refer to Chartrand and Lesniak [3]. For 

any vertex 𝑣 ∈ 𝑉, the open neighborhood of 𝑣 is the set    

𝑁(𝑣) = {𝑢 ∈ 𝑉/𝑢𝑣 ∈ 𝐸} and the closed neighborhood of 𝑣 is the 

set 𝑁[𝑣] = 𝑁(𝑣) ∪ {𝑣}. For a set 𝑆 ⊆ 𝑉, the open neighborhood 

of 𝑆 is 𝑁(𝑆) = ⋃ 𝑁(𝑣)𝑣∈𝑆   and the closed neighborhood of 𝑆 is 

𝑁[𝑆] = 𝑁(𝑆) ∪ 𝑆. A set 𝑆 ⊆ 𝑉 is a dominating set of 𝐺, if 

𝑁[𝑆] = 𝑉, or equivalently, every vertex in 𝑉 − 𝑆 is adjacent to at 

least one vertex in 𝑆. A dominating set 𝑆 of 𝐺 is a secure 

dominating set if for each 𝑢 ∈ 𝑉 − 𝑆 there exists 𝑣 ∈ 𝑁(𝑢) ∩ 𝑆 

such that   (𝑆 − {𝑣}) ∪ {𝑢} is a dominating set. In this case we 

say that 𝑢 is 𝑆- defended by 𝑣 or 𝑣 𝑆-defends 𝑢. The secure 

domination number 
𝑠
(𝐺) is the minimum cardinality of a secure 

dominating set. The concept secure dominating set is introduced 

by Cockayne et al [4]. A simple path is a path in which all its 

internal vertices have degree two, and the end vertices have 

degree one and is denoted by  𝑃𝑛. Let 𝑃𝑛
∗  denotes the centipede 

with 2𝑛 vertices obtained by appending a single pendant edge to 

each vertex of a path 𝑃𝑛. For the definition of centipede, we refer 

S. Alikhani and Y-H. Peng [2]. 

Definition 1.1[9]. 

Let 𝐺 be a simple connected graph. Let  𝒟𝑠(𝐺, 𝑖) denote 

the family of all secure dominating set of 𝐺 with cardinality 𝑖 and 

let 𝑑𝑠(𝐺, 𝑖) = │𝒟𝑠(𝐺, 𝑖)│. Then the secure domination 

polynomial 𝐷𝑠(𝐺, 𝑥) of 𝐺 is defined as                                 

 𝒟𝑠(𝐺, 𝑥) = ∑ 𝑑𝑠(𝐺, 𝑖)𝑥
𝑖 

│𝑉(𝐺)│

𝑖=𝑠(𝐺)
, where 

𝑠
(𝐺) is the secure 

domination number of 𝐺. 

As usual we use ⌊𝑥⌋ for the largest integer less than or 

equal to 𝑥 and ⌈𝑥⌉ for the smallest integer greater than or equal 

to 𝑥. Also, we denote the set {1,2, … , 𝑛} by [𝑛], throughout this 

paper. 

In the next section we study secure dominating sets and 

secure domination polynomial of  𝑃𝑛
∗ − {2𝑛} , which is needed 

for the study of secure dominating sets of centipedes. 

 

II. SECURE DOMINATING SETS AND SECURE 

DOMINATION POLYNOMIOAL OF 𝑃𝑛
∗ − {2𝑛} 

Lemma 2.1 

For every 𝑛 ∈ ℕ 

i) 𝛾
𝑠
(𝑃𝑛

∗) = 𝑛 

ii) 𝛾
𝑠
(𝑃𝑛

∗ − {2𝑛}) = 𝑛 

iii) 𝒟𝑠(𝑃𝑛
∗ , 𝑖) = ∅ if and only if 𝑖 < 𝑛 or 𝑖 > 2𝑛 

iv) 𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖) = ∅ if and only if 𝑖 < 𝑛 or  

𝑖 > 2𝑛 − 1. 

Lemma 2.2 

i) If 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅ and 𝒟𝑠(𝑃𝑛−2

∗ , 𝑖 − 2) = ∅ , then 

𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) ≠ ∅. 

ii) If 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅ and 𝒟𝑠(𝑃𝑛−1

∗ − {2𝑛 − 2}, 𝑖 −
2) = ∅ , then 𝒟𝑠(𝑃𝑛−2

∗ , 𝑖 − 2) ≠ ∅ . 

iii) If 𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) ≠ ∅ and 𝒟𝑠(𝑃𝑛−2

∗ , 𝑖 −

2) ≠ ∅, then 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅. 

Proof: 

i) Since 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅ , by Lemma 2.1(iii),  

𝑛 − 1 ≤ 𝑖 − 1 ≤ 2𝑛 − 2 .  

⟹ 𝑛 − 2 ≤ 𝑖 − 2 ≤ 2𝑛 − 3 

Also 𝑛 − 2 < 𝑛 − 1. Therefore, by Lemma 2.1(iv), 

𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) ≠ ∅. 

ii) Since 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅ , by Lemma 2.1(iii), 𝑛 −

1 ≤ 𝑖 − 1 ≤ 2𝑛 − 2 .  

⟹ 𝑛 − 2 ≤ 𝑖 − 2                                              (1) 

Since 𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) = ∅, by Lemma 

2.1(iv), 𝑖 − 2 < 𝑛 − 1 or 𝑖 − 2 > 2𝑛 − 3. 

⟹ 𝑖 − 2 ≤ 𝑛 − 1                                               (2) 

From (1) and (2), we have 𝑖 − 2 = 𝑛 − 2. By Lemma 

2.1(iii), 𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2) ≠ ∅. 

B 
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iii) Since 𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2) ≠ ∅, by Lemma 2.1(iii), 𝑛 − 2 ≤

𝑖 − 2 ≤ 2𝑛 − 4. 

⟹ 𝑛 − 1 ≤ 𝑖 − 1 ≤ 2𝑛 − 3                                (3) 

Since 𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) ≠ ∅, by Lemma 

2.1(iv), 𝑛 − 1 ≤ 𝑖 − 2 ≤ 2𝑛 − 3 .  

⟹ 𝑛 ≤ 𝑖 − 1 ≤ 2𝑛 − 2                                       (4) 

From (3) and (4), we have  

𝑛 − 1 ≤ 𝑖 − 1 ≤ 2(𝑛 − 1).  
By Lemma2.1(iii), 𝒟𝑠(𝑃𝑛−1

∗ , 𝑖 − 1) ≠ ∅. 

Lemma 2.3 

For every 𝑛 ≥ 3, 

i)  𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅, 𝒟𝑠(𝑃𝑛−1

∗ − {2𝑛 − 2}, 𝑖 − 2) ≠ ∅ 

and 𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2) = ∅ if and only if 𝑖 = 2𝑛 − 1. 

ii)  𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅, 𝒟𝑠(𝑃𝑛−2

∗ , 𝑖 − 2) ≠ ∅ and 

𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) = ∅ if and only if   𝑖 = 𝑛. 

iii)  𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅, 𝒟𝑠(𝑃𝑛−1

∗ − {2𝑛 − 2}, 𝑖 − 2) ≠ ∅ 

and 𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2) ≠ ∅ if and only if  

𝑛 + 1 ≤ 𝑖 ≤ 2𝑛 − 2. 

Proof: 

i)  (⟹) Since 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅ , by Lemma 2.1(iii), 

𝑛 − 1 ≤ 𝑖 − 1 ≤ 2𝑛 − 2 .  

⟹ 𝑖 − 1 ≤ 2𝑛 − 2 

⟹ 𝑖 ≤ 2𝑛 − 1                                                 (5) 

Since 𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2) = ∅ , by Lemma 2.1(iii),  

𝑖 − 2 < 𝑛 − 2 or 𝑖 − 2 > 2𝑛 − 4.  

⟹ 𝑖 < 𝑛 or 𝑖 > 2𝑛 − 2.                                 (6) 

From (5) and (6), 2𝑛 − 2 < 𝑖 ≤ 2𝑛 − 2.  

Hence 𝑖 = 2𝑛 − 1. 

(⟸) Suppose 𝑖 = 2𝑛 − 1. 

Then 𝑖 − 2 = 2𝑛 − 3 > 2(𝑛 − 2). By Lemma 2.1(iii), 

𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2) = ∅. 

Since 𝑖 − 1 = 2(𝑛 − 1), by Lemma 2.1(iii), 

𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅. 

Since 𝑖 − 2 = 29𝑛 − 1) − 1, by Lemma 

2.1(iv), 𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) ≠ ∅. 

ii)  (⟹) Since 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅ , by Lemma 2.1(iii), 

𝑛 − 1 ≤ 𝑖 − 1 ≤ 2𝑛 − 2 .  

⟹ 𝑛 ≤ 𝑖                                                           (7) 

Since 𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) = ∅ , by Lemma 

2.1(iv), 𝑖 − 2 < 𝑛 − 1 or 𝑖 − 2 > 2𝑛 − 3.  

⟹ 𝑖 < 𝑛 + 1                                                    (8) 

From (7) and (8), 𝑖 = 𝑛. 

(⟸) Suppose 𝑖 = 𝑛. Then 𝑖 − 1 = 𝑛 − 1.  

By Lemma 2.1(iii), 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅. 

Similarly, we prove 𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2) ≠ ∅. 

Since 𝑖 = 𝑛, 𝑖 − 2 = 𝑛 − 2 < 𝑛 − 1.  

By Lemma2.1(iv), 𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) = ∅. 

iii)  (⟹) Since 𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) ≠ ∅, by 

Lemma 2.1(iv), 𝑛 − 1 ≤ 𝑖 − 2 ≤ 2𝑛 − 3 .  

⟹ 𝑛 + 1 ≤ 𝑖 ≤ 2𝑛 − 1 

⟹ 𝑛+≤ 𝑖                                                          (9) 

Since 𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2) ≠ ∅ , by Lemma 2.1(iii), 

𝑛 − 2 ≤ 𝑖 − 2 ≤ 2𝑛 − 4 .  

⟹ 𝑖 − 2 ≤ 2𝑛 − 4 

⟹ 𝑖 ≤ 2𝑛 − 2                                                 (10) 

From (9) and (10), 𝑛 + 1 ≤ 𝑖 ≤ 2𝑛 − 2. 

(⟸) Suppose 𝑛 + 1 ≤ 𝑖 ≤ 2𝑛 − 2. 

Then 𝑖 ≤ 2𝑛 − 2. 

⟹ 𝑖 − 2 ≤ 2𝑛 − 4  

By Lemma 2.1(iii), 𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2) ≠ ∅. 

Since 𝑛 + 1 ≤ 𝑖, 𝑛 − 1 ≤ 𝑖 − 2. By Lemma 2.1(iv), 

𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) ≠ ∅. 

Since 𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) ≠ ∅ and 

𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2) ≠ ∅, by Lemma 2.2(iii), 

𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅. 

Theorem 2.4 

i)  If 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅, 𝒟𝑠(𝑃𝑛−1

∗ − {2𝑛 − 2}, 𝑖 − 2) ≠
∅ and 𝒟𝑠(𝑃𝑛−2

∗ , 𝑖 − 2) = ∅, then  

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖) = {

𝑋 ∪ {2𝑛 − 1}

/𝑋 ∈ 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1)

} 

ii)  If 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅, 𝒟𝑠(𝑃𝑛−2

∗ , 𝑖 − 2) ≠ ∅ and 

𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2) = ∅, then  

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖) = {

𝑋 ∪ {2𝑛 − 3, 2𝑛 − 2},
  𝑋 ∪ {2𝑛 − 3, 2𝑛 − 1},
 𝑋 ∪ {2𝑛 − 2, 2𝑛 − 1}

/𝑋 ∈ 𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2)

} 

iii)  If 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅, 𝒟𝑠(𝑃𝑛−1

∗ − {2𝑛 − 2}, 𝑖 − 2) ≠
∅ and 𝒟𝑠(𝑃𝑛−2

∗ , 𝑖 − 2) ≠ ∅, then  

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖)

=

{
 

 
𝑋1 ∪ {2𝑛 − 3, 2𝑛 − 2},

  𝑋1 ∪ {2𝑛 − 3, 2𝑛 − 1},

  𝑋1 ∪ {2𝑛 − 2, 2𝑛 − 1}

/𝑋1 ∈ 𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2) }

 

 

∪ {
𝑋2 ∪ {2𝑛 − 2, 2𝑛 − 1}

/𝑋2 ∈ 𝒟𝑠(𝑃𝑛−1
∗ − {2𝑛 − 2}, 𝑖 − 2)

} 

Theorem 2.5 

For every 𝑛 ≥ 3,  

|𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖)| = |𝒟𝑠(𝑃𝑛−1

∗ , 𝑖 − 1)| + |𝒟𝑠(𝑃𝑛−2
∗ , 𝑖 − 2)|. 

Proof: 

It follows from Theorem 2.4. 

Here we state recursive formula for the secure 

domination polynomial of 𝑃𝑛
∗ − {2𝑛}. 

Theorem 2.6 

For every 𝑛 ≥ 3,  

𝐷𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑥) = 𝑥𝐷𝑠(𝑃𝑛−1

∗ , 𝑥) + 𝑥2𝐷𝑠(𝑃𝑛−2
∗ , 𝑥). 

Proof: 

It follows from the definition of secure domination 

polynomial and Theorem 2.5. 

III. SECURE DOMINATING SETS AND SECURE 

DOMINATION POLYNOMIALS OF CENTIPEDES

In this section, we investigate secure dominating sets and 

secure domination polynomials of centipede. 

Lemma 3.1 
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i)  If 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅ and 𝒟𝑠(𝑃𝑛−1

∗ , 𝑖 − 2) = ∅, then 

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) ≠ ∅. 

ii)  If 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) = ∅ and 𝒟𝑠(𝑃𝑛−1

∗ , 𝑖 − 2) ≠ ∅, then 

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) ≠ ∅. 

iii)  If 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅ and 𝒟𝑠(𝑃𝑛−1

∗ , 𝑖 − 2) ≠ ∅, then 

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) ≠ ∅. 

Proof: 

i)  Since 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 2) = ∅ , by Lemma 2.1 (iii), 

𝑖 − 2 < 𝑛 − 1 or 𝑖 − 2 > 2𝑛 − 2. 

⟹ 𝑖 − 1 < 𝑛 or 𝑖 − 1 > 2𝑛 − 1. 

By Lemma 2.1(iv), 𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) = ∅. 

ii)  Since 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 2) ≠ ∅, by Lemma 2.1(iii),  

𝑛 − 1 ≤ 𝑖 − 2 ≤ 2𝑛 − 2. 

⟹ 𝑛 ≤ 𝑖 − 1 ≤ 2𝑛 − 1 

By Lemma 2.1(iv), 𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) ≠ ∅. 

iii)  Since 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 2) ≠ ∅, by Lemma 2.1(iii) and (iv), 

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) ≠ ∅. 

Lemma 3.2 

i)  𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅, 𝒟𝑠(𝑃𝑛−1

∗ , 𝑖 − 2) = ∅ and 

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) = ∅ if and only if 𝑖 = 𝑛. 

ii)  𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) = ∅, 𝒟𝑠(𝑃𝑛−1

∗ , 𝑖 − 2) ≠ ∅ and 

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) ≠ ∅ if and only if 𝑖 = 2𝑛. 

iii)  𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅, 𝒟𝑠(𝑃𝑛−1

∗ , 𝑖 − 2) ≠ ∅ and 

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) ≠ ∅ if and only if  

𝑛 + 1 ≤ 𝑖 ≤ 2𝑛 − 1. 

Proof: 

i)  (⟹) Since 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅ and                   

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) = ∅ by Lemma 2.1(iii) and (iv), 

𝑛 ≤ 𝑖 and 𝑖 < 𝑛 + 1. We have 𝑖 = 𝑛. 

(⟸) Suppose 𝑖 = 𝑛. 

Then 𝑖 − 1 = 𝑛 − 1. By Lemma 2.1(iii),  

𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅ and 𝒟𝑠(𝑃𝑛

∗ − {2𝑛}, 𝑖 − 1) = ∅. 

Since 𝑖 = 𝑛, 𝑛 − 1 = 𝑖 − 1 > 𝑖 − 2. By Lemma 2.1(iii), 

𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 2) = ∅. 

ii)  (⟹) Since 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) = ∅, by Lemma 2.1(iii), 

𝑖 − 1 < 𝑛 − 1 or 𝑖 − 1 > 2𝑛 − 2.  

⟹ 𝑖 > 2𝑛 − 1                                                       (11)   

Since 𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) ≠ ∅, by Lemma 2.1(iv), 

𝑛 + 1 ≤ 𝑖 − 1 ≤ 2𝑛 − 1. 

⟹ 𝑖 ≤ 2𝑛                                                           (12) 

From (11) and (12), we have 𝑖 = 2𝑛. 

(⟸) Suppose 𝑖 = 2𝑛. 

Then 𝑖 − 1 = 2𝑛 − 1. By Lemma 2.1(iv),  

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) ≠ ∅. 

Since 𝑖 = 2𝑛, 𝑖 − 2 = 2𝑛 − 2. By Lemma 2.1(iii), 

𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 2) ≠ ∅. 

Since 𝑖 = 2𝑛, 𝑖 − 1 = 2𝑛 − 1 > 2𝑛 − 2. By Lemma 

2.1(iii), 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) = ∅. 

iii)  (⟹) Since 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅, by Lemma 2.1(iii), 

𝑛 − 1 ≤ 𝑖 − 1 ≤ 2𝑛 − 2. 

⟹ 𝑖 ≤ 2𝑛 − 1                                                          (13) 

Since 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 2) ≠ ∅, by Lemma 2.1(iv), 

 𝑛 − 1 ≤ 𝑖 − 2 ≤ 2𝑛 − 2. 

⟹ 𝑛 + 1 ≤ 𝑖                                                          (14) 

From (13) and (14), we have 𝑛 + 1 ≤ 𝑖 ≤ 2𝑛 − 1. 

(⟸) Suppose 𝑛 + 1 ≤ 𝑖 ≤ 2𝑛 − 1. 

Then 𝑛 ≤ 𝑖 − 1. By Lemma 2.1(iv),  

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) ≠ ∅. 

Since 𝑛 + 1 ≤ 𝑖, 𝑛 − 1 ≤ 𝑖 − 2. By Lemma 2.1(iii), 

𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 2) ≠ ∅. 

Since 𝑖 ≤ 2𝑛 − 1, 𝑖 − 1 ≤ 2𝑛 − 2. By Lemma 2.1(iii), 

𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅. 

Theorem 3.3 

i)  If 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) ≠ ∅, 𝒟𝑠(𝑃𝑛−1

∗ , 𝑖 − 2) = ∅ and 

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) = ∅, then  

𝒟𝑠(𝑃𝑛
∗ , 𝑖) = {

𝑋 ∪ {2𝑛 − 1},

 𝑋 ∪ {2𝑛}

/𝑋 ∈ 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1)

} 

ii)  If 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1) = ∅, 𝒟𝑠(𝑃𝑛−1

∗ , 𝑖 − 2) ≠ ∅ and 

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) = ∅, then  

𝒟𝑠(𝑃𝑛
∗ , 𝑖) = {𝑋 ∪ {2𝑛}/𝑋 ∈ 𝒟𝑠(𝑃𝑛

∗ − {2𝑛}, 𝑖 − 1)}. 
iii)  If 𝒟𝑠(𝑃𝑛−1

∗ , 𝑖 − 1) ≠ ∅, 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 2) ≠ ∅ and 

𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1) ≠ ∅, then  

𝒟𝑠(𝑃𝑛
∗ , 𝑖) = {

𝑋1 ∪ {2𝑛 − 1},

 𝑋1 ∪ {2𝑛}

/𝑋1 ∈ 𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1)

}

∪ {
𝑋2 ∪ {2𝑛}

/𝑋2 ∈ 𝒟𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖 − 1)

} 

𝒊 1 2 3 4 5 6 7 8 9 10 

𝑷𝟏
∗ − {𝟐} 1          

𝑷𝟏
∗  2 1         

𝑷𝟐
∗ − {𝟒} 0 3 1        

𝑷𝟐
∗  0 4 4 1       

𝑷𝟑
∗ − {𝟔} 0 0 6 5 1      

𝑷𝟑
∗  0 0 8 12 6 1     

𝑷𝟒
∗ − {𝟖} 0 0 0 12 16 7 1    

𝑷𝟒
∗  0 0 0 16 32 24 8 1   

𝑷𝟓
∗ − {𝟏𝟎} 0 0 0 0 24 44 30 9 1  

𝑷𝟓
∗  0 0 0 0 32 80 80 40 10 1 

Table1: 𝑑𝑠(𝑃𝑛
∗ , 𝑖) and 𝑑𝑠(𝑃𝑛

∗ − {2𝑛}, 𝑖) 
Theorem 3.4 
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For every 𝑛 ≥ 3,  

|𝒟𝑠(𝑃𝑛
∗ , 𝑖)| = |𝒟𝑠(𝑃𝑛

∗ − {2𝑛}, 𝑖 − 1)| + |𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 1)|

+ 2|𝒟𝑠(𝑃𝑛−1
∗ , 𝑖 − 2)| 

Proof:  

It follows from Theorem 3.3. 

Theorem 3.5 

For every 𝑛 ≥ 3,  

𝐷𝑠(𝑃𝑛
∗ , 𝑥) = 𝑥𝐷𝑠(𝑃𝑛

∗ − {2𝑛}, 𝑥) + 𝑥𝐷𝑠(𝑃𝑛−1
∗ , 𝑥)

+ 2𝑥2𝐷𝑠(𝑃𝑛−2
∗ , 𝑥) 

Proof: 

It follows from the definition of secure domination 

polynomial and Theorem 3.4.  

 

Theorem 3.6 

For every 𝑛 ≥ 2, 𝐷𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑥) = 𝑥𝑛(𝑥 + 2)𝑛−2(𝑥 + 3) 

and 𝐷𝑠(𝑃𝑛
∗ , 𝑥) = 𝑥𝑛(𝑥 + 2)𝑛. 

Proof: 

We shall prove both the equalities together by induction 

on n. 

Since 𝐷𝑠(𝑃2
∗ − {2𝑛}, 𝑥) = 𝑥2(𝑥 + 2)2−2(𝑥 + 3) = 𝑥2(𝑥 + 3) 

and 𝐷𝑠(𝑃2
∗ , 𝑥) = 𝑥2(𝑥 + 2)2. We have the result for 𝑛 = 2.  

Now, suppose the result are true for all-natural numbers 

less than 𝑛. 

By Theorem 2.6 and induction hypothesis, we have: 

𝐷𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑥) = 𝑥𝐷𝑠(𝑃𝑛−1

∗ , 𝑥) + 𝑥2𝐷𝑠(𝑃𝑛−2
∗ , 𝑥) 

                                 = 𝑥(𝑥𝑛−1(𝑥 + 2)𝑛−1) + 𝑥2(𝑥𝑛−2(𝑥 + 2)𝑛−2) 
                                 = 𝑥𝑛(𝑥 + 2)𝑛−2(1 + 𝑥 + 2) 
                                 = 𝑥𝑛(𝑥 + 2)𝑛−2(𝑥 + 3) 
Now, by Theorem 3.5 and induction hypothesis, we have: 

𝐷𝑠(𝑃𝑛
∗ , 𝑥) = 𝑥(𝑥𝑛(𝑥 + 2)𝑛−2(𝑥 + 3)) + 𝑥(𝑥𝑛−1(𝑥 + 2)𝑛−1)

+ 2𝑥2(𝑥𝑛−2(𝑥 + 2)𝑛−2) 
                   = 𝑥𝑛(𝑥 + 2)𝑛−2(𝑥(𝑥 + 3) + (𝑥 + 2) + 2) 
                   = 𝑥𝑛(𝑥 + 2)𝑛−2(𝑥2 + 4𝑥 + 4) 
                   = 𝑥𝑛(𝑥 + 2)𝑛−2(𝑥 + 2)2 

                   = 𝑥𝑛(𝑥 + 2)𝑛 

Theorem 3.7 

i)  𝑑𝑠(𝑃𝑛
∗ , 𝑖) = 22𝑛−𝑖( 𝑛

𝑖−𝑛
), for every 𝑛 ∈ ℕ and  

𝑛 ≤ 𝑖 ≤ 2𝑛. 

ii)  𝑑𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖) = 22𝑛−𝑖−2(2(𝑛−1

𝑖−𝑛
) + (𝑛−2

𝑖−𝑛
)), for       

𝑛 ≥ 2 and 𝑛 ≤ 𝑖 ≤ 2𝑛 − 1. 

Proof: 

i)  By Theorem 3.6, 

𝐷𝑠(𝑃𝑛
∗ , 𝑥) = 𝑥𝑛(𝑥 + 2)𝑛  

=∑(
𝑛

𝑘
)2𝑛−𝑘𝑥𝑛+𝑘

𝑛

𝑘=0

 

Thus, we have  

𝑑𝑠(𝑃𝑛
∗ , 𝑛 + 𝑘) = 2𝑛−𝑘(𝑛

𝑘
), for 0 ≤ 𝑘 ≤ 𝑛.  

Equivalently 𝑑𝑠(𝑃𝑛
∗ , 𝑖) = 22𝑛−𝑖( 𝑛

𝑖−𝑛
), for 𝑛 ≤ 𝑖 ≤ 2𝑛. 

ii)  By Theorem 2.5, 

𝑑𝑠(𝑃𝑛
∗ − {2𝑛}, 𝑖) = 𝑑𝑠(𝑃𝑛−1

∗ , 𝑖 − 1) + 𝑑𝑠(𝑃𝑛−2
∗ , 𝑖 − 2) 

= 22𝑛−𝑖−1 (
𝑛 − 1

𝑖 − 𝑛
) + 22𝑛−𝑖−2 (

𝑛 − 2

𝑖 − 𝑛
) 

= 22𝑛−𝑖−2 (2 (
𝑛 − 1

𝑖 − 𝑛
) + (

𝑛 − 2

𝑖 − 𝑛
)) 

IV. CONCLUSION 

This paper discusses and analyses the secure 

dominating sets of centipede and secure domination 

polynomials of centipede. Using recursive formula, we 

constructed the polynomial                            

𝐷𝑠(𝑃𝑛
∗ , 𝑥) = ∑ 𝑑𝑠 (𝑃𝑛

∗2𝑛
𝑖=𝑛 , 𝑖)𝑥𝑖, which we call secure  

domination polynomial of 𝑃𝑛
∗  and obtain some 

properties of this polynomial. 
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