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Abstract- In this paper we present maps and other necessary
ingredients in third order trilogarithmic tangent groups and
use these maps to relate the Grassmannian complex to
Tangential trilogarithmic complex of order three. We also
extend seigel’s cross ratio and five term relation to order 3
and finally prove the commutativity of resulting diagrams.
This work will play a key role in the generalization of these
constructions.

Index Terms: Cutting, Greenhouse, rate, Substrate, Survival,
Rosemary.

I INTRODUCTION
The Grassmannian Complex is for the first time structured by
A. Suslin which is used as a major tool to study co-homology of
motivic complexes, knot theory and theory of manifolds (See
[5], [9]). The natural connectivity between Grassmannian
complex and polylogarithmic groups is one of its key feature
which always captivated the renowned researchers to study
since its beginning. In [3] the renowned mathematician A.B.
Gonchrove derived motivic complexes in order to verify the
Conjecture of Zagier on polylogs. Later, Cathelineau classified
motivic complexes into two classes i.e. tangential complex and
infinitesimal complex. Moreover, he produced tangential groups
on dual numbers and used them to formulate tangential complex
(See [1] and [2]). Another researcher who worked on these
complexes is Siddiqui who derived the cross-ratio, functional
equations of tangential complex and also formed certain
morphisms. He used his constructions to link the Grassmannian
complex and Tangential complex for the order one(See [10],
[11] and [12],[13],[14]).

In [5] we broadened the constructions of Siddiqui for
the second order. We also formed certain maps 75 .n and 7; .
in order to generalize the connection between Grasmmanian
complex and Tangential complex for weight 2. However, the
current study deals with the study of maps in the third order of
Trilogarithmic tangential complexes as we are naturally
motivated to extend these constructions up to a general order.
To do this the study of only first two orders are not enough as
they do not reflect any specific pattern. So the study of next
order is essential after which we can attain the required goal. In
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the first section we introduce the group TB3(F) as third ordered
tangent group in weight 3. This group also satisfies functional
equations of trilogarithms. After that we produce cross ratio,
triple-ratio and seigel’s identity and then we give a map 9,3 in
equation (13) to construct trilogarithmic tangential complex.
Moreover we propose three more maps m; s, 7, s and T s
which enable us to formulate the diagram (B). In the last section
we demonstrate proof of the commutativity of left and right
squares of the diagram (B)).

I. MATERIALS AND METHODS

2.1 Grassmannian Complex
Let us consider C,,,(n) be a free commutative group generated
by the configurations (¢1, ..., 2;, ..., £,,) Of the elements of an
n-dimensional vector space V;, and (¢;|¢4, By, £ be the
projective configuration of the vectors £; along the vectors ¢;,
wherei # j; j =0,...,m, then we can define differential maps
d: c(m+1)(77) - Cpy(n) and d": c(m+1) (m+ 1)’\_) Cm(n) as

d: (41, i, ) » X0 (D)™ (£, - L) .:,{’m)

d':(8y, s ) P X0 (CD™ ), s Liy ooy o)
Above settings lead us to an algebraic complex given as

- —=Chs(n+2) —d:=-C,,,+4{:,r ) L Cp3(n+2)
& a d
—=Cua(n + ]]—dr-C,”g{:,r + I}—dra-C,,_g(f) +1)

d' d d'

g Cq+3(’!] 4d°' Cflr+2“;}4d:°'cu+l (}”

known as Grassmannian Complex.
2.2 Trilogarithmic Complexes of The Third Order Tangent
Groups
Let F[e], be a truncated polynomial ring over an arbitrary field
F then the Z-module TB3(F) is called a tangent group of order
3ifitis generated by (s;s’,s",s"'] € Z[F[¢],] and quotient by
kernel of the map

0:Z[F[els] — (TB3(F) ® F*) @ (F ® B, (F))

where 0 can be described as
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3 3ty 3tyty | t3
A((s; ty, ta, t3]2) = (S;ty, b t3]5 @ s + (T 2 T3

[s], (1)
where (s; ty, ty, t3] = [s + tye + t,e2 + t383] —

[s], (s, tq, ty, t5 € F).

Use T'B3(F) to form the complex below

TBI(F) S (TBY(F) @ F) @ (F @ B,(F) 5 (F ®
/Z\FX) ® (/3\ F) )

Our aim is to propose morphisms between this complex and
the famous Grassmannian complex.

2.3 Cross-Ratio

In [5] cross ratio has been constructed for second order
tangential settings so we use here the similar technique to
extend it to third order. Let A§[8]4 represent an affine space
over the turncated ring of polynomials F[e], and (v, ..., v3)
belongs to C4(A§[8]4) then we obtain
(3o Wov3) TN =0 Wi3) jel}
(330 o) e HE L i v3) e}

From now we use a short hand V5, to denote the tuple

g, - vn) Of G (AR, ,)- NOow we reform the above ratio
into simpler form G + He + Ie? + Je3, where the unknowns
G, Hand I represents r(Vgs3) , 7:(Vo3) and r2(Vg53)
respectively. Values of first two of these coefficients are
calulated in [10] and [5] respectively. In the same way we
can evaluate "J" or 3 (V{3) as follows

r(vg, ..., v3) =

Te3 (V03) T (ova)(W1v3) rS(VOS) (vo,v2)(v1,V3)

AN TR (ov2) Wi v3)l,s

—T2(Vy)———==—1Vy3) ——F=
82( 03) (o,l2)(v1,v3) ( 03) (wo,v2)(V1,v3)

©)

where {(v], v;) (W Vi) }er = o (U], V) g3-1 (Vs V) i
The triple-ratios 75 .3(Vgs) of six points over the truncated
ring of polynomials F[e], and F[&]; are described in [10]
and [5] so we write here only for the ring F|[e],.
{(wovivy) (wivivy) (v3vgvs)) 3
W* = £
T3’g3( 0s) (Vov1v4) (V1V2V5) (V2V0V3)
« + {Wovivy) (Wivzvs)(vzvv3)} 2
r3:(V £
3'8( 0s) (vov1V4)(v1V2V5) (V210 V3)
« y {wovivy) (Wivvs) (W3vpv3)}e
— v —
r3'82( 0s) (vov1v4) (v1V2V5) (V2V0V3)
{(oviva) Wivsvs)(3vov3)} 3
r3(V £
3(Vos) (vov1v4)(V1V2V5) (V2 V0 V3) )
Here (pqr),s represent the expression below
(PqT)e3: = PeqeoTes + Ppoq3Teo + Pe3qeoTe0 +
Peqelez + P0qealy + PeqeoTe2
TPeq:Te + DPeqe2Te0 + Pe2q 0T + Pe2q 0T 0
()

(4)

Lemma 2.1 If (Vj3) is an element of C4(A2[g]4) then
{8(vo, v1)A(V3,v3)}es = {A(Vo, v2)A(V1, V3)}e3 —

{A(vg, v3)A(v1, V7))

with v} = Y3 _, Ul-ysk&'k ;v = v AW Y) =

Yioo (v, V) k" and AW, v}) s = A(v;, v;3) +
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Al vj‘gz) + A(vilez, vjlg) + A(vi,53' vj)

Proof. We can deduce the proof directly from the result of
Lemma 2.1 of [12] by setting = 3 .

[I.  RESULTS AND DISCUSSION
Effect of substrates nature on rosemary growth
Consider the following diagram
Ce(A?v[e]4) i Cs (Ai[fh)
3

3
l T[2,23 l ﬂ1,83

d
= Cy(AFq,)
l 1'[3,83

(R 25 TB®FIS(FOBM) 5 (Forr)e(iF)

where
7,03 (Vo3)
3 ~
_ z —1)[3 0r ves Dty ey V3)3
o (voy ey Uiy eees V)
3 W5y s Oy s V3) (UG, oo, D7 v, V3) g2
, (Vo veus Dy ne, V3)?
* ot * o
(vg, -, V5, ...,v3)£) ? (Woy s Digqy s V3)
(Woy eves Uiy vy U3)3 (Vgs o » Digzs e V3)
(Vo) woor Digzy ey V3)
(vg, es ﬁ£+2, ...A,*v3) .
+/3\ 3 (o) s U7, i, V3) 3
]JZ? (vo,...,ﬁi, ...,vg)
_3 W30 1-es03) (VD] V3) 2 (178,...,1?;,...,173)2}]’ i mod 4,

V0w DpenV3)? V0 Diyen3)3

(6)

4
1 .
74V = =5 ) (DI Wlve, )01 )
i=0

*

(V] |vg, ooy D74 oo, V1), e, T3 (V] |05, 0, D74, o v)]3

PN 4 0 reV3) g3
®Hi¢j (viyvj)‘}'Zj':q {3 (T A V4§ B
j#i J

o )67 )

(‘Uo,...,ﬁi,...,ﬁj,...,l&})z

(173,...,17{‘,...,7,...,172)2 R

o O @ [r v, B )]

)
and
3 *
n2_53 (VOS) =
2 * * *
EAlt6<7”3 (Vos) 13,6(Vgs), T'3¢2 (Vos), 7363 (Vos)13
8

where

(vov1v3) (V1V2V4) (V2V0Vs)
r3(Vos) = 9
3(Vos) (Vov1V4) (V1V2V5) (V200 V3) ( )
and

” {(wgviv3) (viv3v) (W3vevs)le

3 .(V = -
3'8( 0s) . *(1:0"1:742(111172:752(1:2170”3)
73 (Vos) {(Wov1v3) (W1v,V5) (V2o V3)}e (10)

(Vov1V4) (V1V2Vs5) (V2V0V3)

*

{(woviv3) (Wiv;v) (V3vVs)] 2
(Vov114) (V1 V,V5) (Vo Vg V3)

r3.2(Vos) =

{(Wov1va) (V1 v2v5) (V215V3) }e

_ v
75 (Vos) (Vov1V4) (V1V,5) (V2 Vo V3)
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koK ok kK Kk %

(vov1v4) (V1V2V5)(V2V0V3)} 2

(voV1V4) (V1V2V5) (V2VV3)
733 (VBS)
* * * * * * * * *
_ {(woviv3) (viv3vs) (V3V0Vs) ) 3
(Vo B, V1) (V1 V,V5) (V2 Vo V3)

* ko K * o k. Kk
=13V 0s5)

{
—13(Vos)

(11)

{(ovivy) (v1v3v5) (V3V0V3) 2
(Vov114) (V1 V,V5) (V2 Vo V3)

k% kK Kk

« ~ {(WoV1v4) W1 V3Vs) (W VoV3)}e
_ v —_
T3’52( 05) (Vov1V4)(V1V2V5) (V2VoV3)
{(wovivy) (wiv3vs)(W3vgv3)} 3
w £
73(Vos) (voV1V4) (V1V2V5) (V20 V3)
Now let us use the shorthand
s =13(Vos) , ty = 13.(Vos) , t, = 13,2(Vgs) and t3 =
73 .3(Vps) in order to exhibit the map d.s as
0a3((s;tyty 53 @ c+x ® [y],) =61 + 62

(12)

(13)
where
S sttt ® c+x ® [y],) =
3t; 3tyt, t3
< 52 +S—3 ®A—-s)Ac
3t3 3tity t3
Tt (1—5)3) Qshc
+Fx @A —-y)Ay (14)
2 3 _(3ts  3tit; | t3
5 ((S;tl'tz't3]2 ®C+x® [y:lz) - (T_S—2+S—3)/\
3tz 3tity t3
(1—s (1-5)2 + (1_3)3) Ax (15)
and
3ty 3tyt
03((sity, tr t3]3) = (St b B3 ® s + (T3 ~
t3
5) ® sl (16)

Theorem 2.2 Commutation holds in the diagram given

below

: C4(A§:Ie:l4 )

Cj(‘A_::Ie:h ) .

3 3
T o
1.3 0,63
- -"\\ -
[

(TBUF) © F) & (F ® B,(F) —-——

ie. 683 o ﬂf£3 = 7'[383 od
Proof. Definition of ng 3 is given in (6) which seems in a
complex form so we divide it as ng 3 = ¢+ ¢, Now we

compute both parts ¢, o d(Vg,) and ¢, o d(V;,) separately.

4

¢y 0d(Vos) = ¢4 (Z (—D'(v5, ..., O}, ---,Ufi)>

i=0
W5, s U]y e, V3) g3
(W, s Uiy ooy U3)

~ A%

3
= ATt(01234-) [Z (_1)i{3
i=0

_(3

WG s Oy s 13) (UG, oo, D7 oer, V3) g2

(Vgy ver Uiy vy U3)2
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_ (vs,...,ﬁ;‘,...,v;)z) @ WorPitnvs)

WorBi¥3)3” (Do zr’3)
A LoPivs3) y 0,44 (17)

~A(v0,...,17i+2,...,173)
where Alto1,34) describes alternating sum. The simplification

of internal sum provides us 12 terms of the form p ® g A ; and

D

by utilizing the relations p /\% =pAq—pArand(p+q)®
r=pQ®r+q @ r,the terms become 48 which are of the

formp @ g A r. Then we apply alternating sum which gives
us 240 terms. All these terms will be of three different types

3
IikeZ—i@qAr&%@qArand 3%®q/\r. Moreover

we write the terms together whose first factor. For instance, the
combined expression of the terms with common factor
Wi vsv3)3
A(V4,02,V3)

(i, v3,v3)3

A(vy, 3, v3)

® TS

& (A(vg, v3,v4) A (Vg, V2, V3) — (Vo, V3, V4)

A (Vg, V2, V4) — A(Vg, V2, V4) A (D, V2, V3)
+AW1, V3, V4) A (U1, V2, V) — (U1, V3, Vs) A
(01, V2, V3) + (U1, V3, V) A (04, V3, U3))* . (18)
and the terms having common factor (1v2%3)e3 &® -+ will be

(v1,v2,v3)
Wiv3v3), 3
———= Q@ ((vo, V2, V3) A (Vo, V1, V2) — (Vo, V2, V3) A
(v1,v2,v3)
(vo, V1, V3 — (Vo, V1, V3) A (Vg, V1, V2)
+(V2, V3, V4) A (1,03, 04) = (V2, V3, V4) A (U1, V3, 1) +
(V1,V3,V4) A (v1,V2,04))
This concludes the calculation of ¢; o d(Vg,).
Other part ¢, o d(V5s) can be evaluated as
— 3 (27 25 7 B
= Alt A (3 —
(01234){j=0 ( (Uo, ...,'Ui, ...,U3)
Jj#i
<3 @607 03)e WG, w0 V3) 2 (G007 03)3

(VO,...,ﬁi,...,v3)2 (vo,.. |28 1]3)3

), i mod4}

(19)
Let us move to calculate 9,3 o nflgs . Using the definitions
(7) and (13) we will have 9, o 3 ,3(V54)

4
1 .
= 053(—§Z (D) (i [Vo, s By s Va);
i=0

Te(UF V5, e, D1y e, V2)s e, T3 (V] VG, v, D4y e, VD)3
4
(G270 72 P 2 ) I
®H (ﬁl,ﬁ1)+z{3 0 ) lAl ) JA; ) &
L = (o, s Djy oee,sy Djy wer, v,)
j#i

A~k A~k

* Ak * * Ak *
g, -, U5, s Ufy e, vy)e(Vg, ooy Uiy e vy, ey Uy) g2

(UO, ay ﬁi! ey ﬁ], ay U4_)2

WV wves Of s s O o, V1) .
(Vo s Dty s By o Va)? Y@ [r(wilvo, -, By s va)l2)
Before the execution of d,s we break it as
6&.3 =61+ 62
Here we adopt the substitutions below in order to make our
calculations easy a; = r(v;|vg, .., U;, oo, Vs); byp =
1.V |vg, oy V%4 ooy V2) 3 bip = T2V VG, oo, D4, oo, VR);

S%

biz =13 (Vi |[vg, o, D74 o, v); € = [linj APy, ) yi =

R WD} D) 3
[r Vil Vo, wves Dy ey V)5 Xy = Do {32 —
JE

-3

g
i,...,ﬁ],...,v4)

(vo,...D
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* ok ok * * ok ok * * ok ok *\3
o,--P; ,...,vj,...,1/4)8(170,...,1/1- ,...,li]-,...,li4)52 o,--P; ,...,17]-,...,174)‘g

3

(1]0,...,17,:,...,17]',...,174)2 (1}0,...,1’},:,...,19j,...,174)3

(20)
The execution of 81 implies
&' o1} 3 (Via)

4
1 . (3bs;  3bq;by; b13'
= —520: (—1)l{<a—i—7+a—i3l R A—-a)Ac¢
=

i
_ (3b3i __ 3byiby;
1-a;

(1-ay)?

b3,
+ AL @ Aci+x ® (L= ) Ay
(21)

The expansion of summation for i = 0,...,4 results in five
different summands S;; i = 0,...,4 which we calculate
separately

8lom; s(Voa) =So—S1+ S, —S3+ S, (22)
The value of I, can be evaluated by the substitution of i = 4
in (21). This implies

1 [3bs, 3byby, b3,
54=—§{< @, _—ai -|-a—Z RU—ay)Ac,
__(3b34 _ 3bisbys b3, _
(1—(14 (1—a4)? (1_a4)3) ® a,Ncy, +x X (1
Ya) N Yya} (23)

where a, = r(v,|vy, ..., V3); big = 1. (V4|V5, -, V3) ; Doy =
re2(V4|Vg, ..., V3); b3g = 73 (Val|vg, ., V3) S Ya =
[r(alvg, s V3)]2 5 €4 = H?:o A(Dy, Dj).

3 ~
e, s vj‘, vy V3)g3
Xy = {3 =
= (vo, s Dy, v3)

Vo) s Oy s V3) (Vg oy D oo, V3) 2

ry 2
)
(Vs wees Djy e, V3)
+

D)3
(vo,...,v], 173)8} (24)

W0, D jv3)3

. 3b 3by4b b3 3b
Here we find the values of —=* — =222 4 and —2 —
ay ag a; 1-ay
3b1ab2y b3,
(1-ag)?  (1-ag)d’
b3 * * * 3
14 (Te(ualvg, ..., v3)
a; r(v4|vg, ) V3)
_ (avov3)e | (aviv)d  (vavevs)?  (vavivi)e
(v4vov3)3 (v4v1v2)3 (vavovy)3 (vavqv3)3

(V3v5v3)E (ViViv3)e
(V4vov2)? (V4v1v3)
(V3v5v3)e (V4Viv3)E
(Wavov2) (V4V1v3)?
(V3v5v3)e (Wivov3)E
(Wavov3) (V4vv2)?
(V3v5v3)e (Wiviv3)E
(vavov3) (V4v1v3)?
(V3v5v3)E (ViVivh)e
(vavov2)? (V4v1V3)

* ok

Wivsv)2 Wivivhe
(vavv3)? (V4V177)

(V3vsv3)e (Wivivs)E

(V4voV3) (V4V1V2)?
(V3v5v3)E (ViVoVs)e
(vavov3)? (V4VoV7)
(V3v5v3)E (ViVivi)e
(v4vv3)? (V4v1v3)

* % * kN2
(Wavova)e (Vaviv3)e
(V4voV2) (V4v12)?

* * * * * * * * * *
(V3viv3)e (Vavivs)2 (Vaviv3)E (Vivivy)e _
(V4v1v3) (V4v1)? (v4v1V3)2 (V40177)

* ok ok * ok Kk * ok Kk Ko kK
(vavov3)e (VaV1V3)e (WaVoV2)e (vavov3)e
(Vavov3) (VaV1V2) (VaVoV2) (v4voV3)
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(Wivivs)e (VaV1V3)e (vivov3)e Wivivi)e (ViVovs)e
(V4v1V2) (V4V1V3) (v4vov3) (Vav1V3) (VaVoV2)

(Waviv3)e Wavivy)e (VivoV3)e (25)
£\ 2
. 173))

(V4v1V3) (V4v1V2) (VaVoV2)
_ ivgvd)e Wavovs) 2 | (Whvgvs)e (Vavivy) 2
(v4vov3) (V4VoV3) (V4vov3) (V4v1V2)
(Wavovs) 2z (ivivy)e  Wivovi)e Wavova)ez  (V3vgv3de
(VavV3)  (V4V1V2) (Vavov3)  (V4VoV2) (v4vov3)
Wavivd) ez  (avovs) 2 Wavivide  (Wavov3) ez (v3vovs)e
(v4v1v3) (Vavov3) (V4V1V3) (Vavov3) (V4VoV2)
Wivivy)e Waviva) 2 | (wivgvs)e (Wavovs) 2
(Vav1v2)  (V4V172) (Vavovz)  (V4VoV2)
(W3viv3)e (VZUIUé)Ez _ (Wavivy)e (17217317;)62 _
(Vav1v3)  (V4V1V3) (Wav1V2)  (V4VoV2)
(Wivivy)e Wavivd) 2 (Wavivy) .z (viwgvy)e  (Vavivd)ez
(V4v1v2)  (V4V1V3) (v4v1v2)  (VaVoV2) (v4v1v2)
Wivivde | Wivsvy)e Wavivs)e2
(v4v13) (v4vov2)  (V4V1V3)
(wavov2) 2 (Vivivi)e | (avov3)E (Vivivi)e

(v4vov2)  (V4v1V3)

biabyy  (Te(vglvg, .., v3)Te2 (V| vy, -
aj r(wilvo, ..., v3)

(V3vov3)E (Vivivi)e
(vavoV2)? (V4v1V3)

(v4vov3)? (V4v1V3)
(avov3)e (V3viv3)E
(vavov3) (V4v11)?
(VivoV3)e Waviva)e  (V3v5v3)Z (VaVoVs)e
(Vavov2) (Vav1v3)?  (VaVoV3)? (V4vov3)
(Wivov3)e Wavgv3)éE  (Vivov3)E (Vivivi)e
(V4voV3) (V4VoV2)? (v4voV3)? (V4v1V3)
(Vivov3)e Waviva)é  (vavovs)e (Vaviv3)E
(Vavov3) (V4v1v3)? (Vavovz) (V4v1v2)?2
(Vivgv3)e (Wavivy)e  (Vivivi)e (Vivivs)E
(v4gV2)? (V4V177) (V4v1V3) (V4V1;)?

(avivi)Z avivy)e  (Wavgv3)d  (vavivi)d

(V4v1V3)? (V4v177) (CAZYDN (v4v1v3)3
(Wiv5v3)e (04Viv3)e WaVoVs)e o (WaVoV3)e (VaV1V5)e
(V4vov3) (Vav1V2) (V4Volz) (V4vov3) (V4v1V2)

(Wiviv3)e (v3vov3)e (V3V1V3)e (VaVoV3)e
(v4v13) (v4vov3) (V4v1V3) (VaVoV2)
(v3viv3)e (WiViv3)e (ViV0V3)e (26)
(V4v1V3) (Vav1V2) (VaVoV2)
by _ (iUs¥Ds | Opivds | iwevds | ivivi)s
Ay - (V4vv3) (v4v1v2) (v4vov2) (v4v1v3)

(ivovs)e Wavova)ez | ., (Wivivi)e (Vaviv3) .2
(vavov2) (VaVoV2) (v4v1v3) (V4V1V3)
* * * * * *
(avyv3)e Wavivs) 2 | (VaVoV3) 2 (V4ViV;5)e _
(Vavov3) (VaV1V2) (vavov3) (Vav1V2)
* * * kK % * ok *
(vivov3)e Wavov2a)2  (vivovi)e Waviva)ez  (Vavovs).2
(vavov3) (VaVoV2) (Vavov3)  (V4V1V3) (v4voV3)
* * * * *
(Waviv3)e _ (Vavov*3) 2 (Vivovs)e  (Vavivs)e (Vavova) 2 .

(v4v1V3) (v4vov3) (v4v1v2)  (V4oV2)

(v4vola)
Wivivy)e Wavivs) ez  (Vaviva) 2 (Vivgvs)e
(Vav1v2)  (V4V1V3) (v4v1v2)  (VaVoV2)

_ Wavivy) 2 ivivy)e | (Wivovs)e (Wavivs)e2

(V4v1V2)  (V4V1V3) (Vavov2) (V4v1V3)

(avovs) ez (avivi)e  (Wavov3)E (Vivivide  (VavoVs)e

(vavov2) (V4v1V3) (V4vgV2)? (V4v1V3) (v4vov2)

(avivi)e | (vivov3)e (Vavov3)E | (Wivov3)e (Vaviv3)E

(v4v1v3)? (V4vgV3) (V4VoV2)? (V4vgV3) (V4V1V3)?
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(Wavov3)E (Wavivy)e | (Viviv3)E (Vivivy)e
(v4vv2)? (V4V1V7) (v4v1v3)? (V4v17;)
_ (wavgv3)?  (aviva)d
(Wavgvy)3 (v4v1v3)3

* * * * * * * * * * * * * * * * * *
(vavoV3)e (VaV1V2)e (VaVoVa)e  (VaVoV3)e (VaViV3)e (VaViV3)e
(V4V0V*3) (v4v1V2) (V4VoV2) (V4vov3) (Vav1V2) (V4V1V3)

* *
(v4VoV3)e
(v4vov3)

gk K * ok ok

(Waviv3)e (VaVoV3)e (vaviv3)e (W3viv3)e (WiVoV3)e (27)
(V41_’1173) (174179172) (V4v1V3) (V4v1V2) (VaVoV2)
Using equations (25) , (26) and (27) we get

3b34- _ 3b14b24 + b_134-

2 3
a4 * * *a4 *aﬂ‘ * * * * * * *
(vavov3) 3 | (Vav1vy) 3 _ (vavo2) 3 _ (vav1v3) 3
(v4vov3) (v4v1v3) (vavov2) (Vav113)
* * * o %
(Wavsv3)e WraVov2) 2 | (v3viv3)e (Vaviva) 2
(Wavov2)  (VaVov2) (Vav1v3)  (V4V1V3)
* * ook K Kook K
v (ivavh e | (nivivy)e iviv)e | (wiuivi
(Vavov3) (V4VoV3) (Vav1V2)  (V4V1V2) (V4vov3)3
(Wavivy)é  (wavgvs)?  (vavivi)d
3 3 3 (28)
(1’45171}72) (v4voV2) (V4v13)
Similarly,
3
3b34— 3b14b24 b14-
— — 2 — 3
1-a, (1—ay) (1—ay)
* * * * * * * *
(avova)s | (Vavivs)s _ (V3vovi),3 _ (Vav;3v3) 3 _
(v4vov2) (V4v1V3) (v4vov1) (v4v23)

(Wavova) 2z (vavgvy)e  (Vavivs),2 (Vivivi)e

(V41:01:2) (v4voV2) (1741:11:3) (v4v13)

Wavovi) 2 (wavevi)e | (VavaVs)ez (Wiviv3)e

(Vavov1) (VaVoV1) (V4v2v3)  (V4V2V3)
(Wivgv3)d | (avivi)i  (avevDE  (wavavs)i (29)
(V4vov2)3 ) (v4v1v3)3 ) (Wavov1)3  (V4v2v3)3

Now equation (23) gives us the value of S,

1. (Wav5v3) 3 (v3v1v3) 3
S, =—-{@3 +3 -
3 (v4vov3) (v4v1v2)
* * * * * * * *
(vavov3) 3 _ (vav1V3) 3 Wivivs)e Wavov2) 2
(v4vov2) (V4v1v3) (Wavovz)  (V4VoV2)

(avivy)e Waviva)e2
(Vav1v3)  (V4V1V3)

* * *
(v3vivy)e (Vaviva) 2

(Wavsv3)e (Vavovs) 2
(Wavov3)  (V4VoV3)

ko kK

(avov3)? | (vavivy)d _

(v4v1V2)  (V4v1V2) (vavov3)3 CAZUN
(vavgv3)d _ (ﬁ”:”;)?e) (v4vgV1) (V4V2V3)
(V4vov2)3 (v4v1v3)3 (v4voV2)(V4V1V3)

(V1V2v3) (Vo V2V3) (Vo1 V3) (Vo V1 V2)

P N RN G I KRN U i K
(v4vov2) (V4v1V3) (v4vovy) (v4v2v3)

K Kk * oKk

(vavovz) 2 (Vavovz)e

(Vavov2)  (VaVoV2)

* * * * * *

(4v1v3) 2 (V4viv3)e (vavovi) 2 (v3vvi)e

(V4v1v3)  (V4V1V3) (Vavov1) (V4VoV1)

* * *

(vavzv3)e2 (V3vsv3)e | (V3voV3)2

(V4v2v3)  (V4V2V3) (CAZYDN

(v3viv3)? _ (v3vgvi)2 _ (UZV;UDE) (V4vov3) (V4 V2 V2)
(v4v1v3)3 (CAZYZ20 (v4v2v3)3 (V4VoV2) (V4V1V3)

(V1V2V3) (Vo2 V3) (V1 V3) (Vo1 V2) +
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3
Z 3 (vo, ...,v;, ey V3) g3

(vo) -\ Dj, e, v3)
W5y s Uf s s 3) e (Vg o, D} 5 o0ey V3) 2

o, «wvs Dy, oov, V3)?

+

(lé,...,vj,...,vg*)é _
(vo,...,ﬁj,...,v3)3} Q@ (1—ys) /té’ﬁ
we use the relations x®§=x®y—x®z and x ®

yz=xQy+x Q@ z for simplification which gives us a
total of 576 terms. All of these terms will be of three
(v;,v]*-,v;;)sg

different types 3 — RIAmM ,
vV Vk
W] V]9 2 (W] 0] Ve v vj w2
IAm and ——— Q@ I[Am and
Wivjvk)  (vivjvk) ® (vivjvE)3 ®

will contain 192 terms each.
In a similar fashion we can determine S,, S1, S, and
S5 and then we substitute into (22) . We cortg8he the terms
R -

. LAY
whose common factor factors are identical )
A(vi,vj,vk)
* * *\3
For example terms having common factor 2Z&v23)2
) A(V4,05,03)
make the expression
A(vyvsv5)3
- Wﬁ;; & (A(vg,v3,14) AA(Vg, V3, V3) —
A(vg, V3, V4) AN AWy, V3, V4) — A(Vg, V2, V4) A A(Vg, V3, V3)
+A(V1,V3,V4) NA(V1, V5, 0,) — A(V1, V3, V) A
A(v1,v5,V3) + A(V1, V2, V4) A A(V1,V2,V3))
This is the simplified value of &6* o7} s @§)). Move to

the other map

=0
3bs;  3bqiby; b3;

A (1—2,1' N (1—16152 + (1—211')3) A xi} (31)
This can be simplified by first the expanding the sum for
i=0,...,4 and then using pA(g+1r)=pAqg+pAT.
The sum of (31) and (22) gives the value of LHS of the
theorem which is identical with the RHS of theorem.

4
. (3bs;  3byby b3
82 om? 2 (Viy) = Z (—1)l{< e —1;>

L

Theorem 2.3 The diagram below commutes.

CE"{ A:‘;‘?lfjl_‘ ) - : CS(A?}[M; )
.ﬂ'ij._} J'ﬂ’:_&._’l
5 a3 n ¥
T B3(F) — (TB3(F) ® F*) & (F ® B,(F))

H 3 _ 3
1.e. 7'[1783 od = 7'[2783 ° 683

Proof. Initially we have 720 terms due to the expansion of
the map n23,£3 according to (8). But many of them are
identical due to the symmetry A(v;,vj,vi) =
A(vy, vi, vj) = A(vj, v, V) ..., SO there will remain only
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120 distinct terms. According to the Definition (8), we nfg3 as (see Theorem.4.3.3 of [12])

have
3 *
Ty e3 (Vos =

2 % * *
EAlte(Tb (Vos5);73,6(Vos), 173,62 (Vos), 173 63 (Vos)l3  (32)

Now
0c2 o5 2(Vos)

2
= EAI%{(?% (Vos); 13,6 (Vos), T3 ¢2 Vos), T3¢3 (Vos)]g

3,83 (VBS) 7'3'5(“/85) 7'3'52 (WSS)

T
v 3
® T3( 05) + ( 73(Vos) r3(Vos) 13(Vps)

733,5(“/35)
m) & [r3(Vos)l2}  (33)

With the help of the equations (9), (10), (11) and (12) we

can write
* * * 3 *
7363(Vos) _ 13:(Vos) 73,2(Vos)  75.(Vos)
3
73(Vos) r3(Vos) 13(Vos) 3 (Vos)
(Woviv3)3 | (ivava)s | (V2vovs)s  (Voviva)s
R *(170171”3) . *(V1”2V4) (Vzvoljs)* . (vov1v4)
(v1v2vs)es  (V2VoV3)e3  (wovivi)e WoViva)e2
(v1v2v5) . *(v2v0v3) (”0”1”32 *(Zovlvs)
(ivzvy)e (V1V2Va) 2 (3vgvg)e W2VoVs) 2
(W1v2v,)  (V1V2V4) (V2vovs)  (V2VoVs)
* * EPUE Y Kk
(wovivi)e Woviva)z | (vivivg)e (Vivavs),2
(vov1v4) (”017*1”*4)* (v1v2v5)  (V1V2Vs5)
(3vgv3)e W2VoV3)2y | (ovivi)? | (ivsvs)i | (zvpva)i
(v2vov3)  (V2vov3) (Wov1v4)3 (v1v,v5)3 (v2vov3)3
* ok %N 3 * ok 0 %3 k% 0%\ 3
12872%% viviY, 29725
(013)8_(124)8_(205)8 (34)

(”017_1173)3 . (V1V24)3 (vavov5)3
Using this value (32) becomes

2 * * *
EAlts{(Ts (Vos);73,6(Vos), 173,62 (Vos), 73 3 (Wos)]g 02¢
73(Vgs)

ok K

Woviv3)s | (ivava)s | (12VoVs)s  (Voviva),s

+3( (vov1v3) (V1V2v4) (v2vvs) (vov1vs) B
(1vavs)s  (Wavov3)s  (vovivs)e WoVivs)z
(v1v25) (v2vov3) (vov1v3) (Vov1V3)
(ivivh)e Wivive  (vivpvi)e (3VevE),a
(v1v2v4)  (V1V2V4) (V2vovs)  (V2VoVs)
(Wovivi)e WoViva),2 | (vivivs)e (Wivzvs) 2
(vov1v4) (VoV1V4) (v1v205)  (V1V2Vs5)
(Wavgv3)e (WaVovs)2, | (ovivy)? | (Wivivs)? | (vavev3)i
(v2vov3) (V2VoVs3) (Wov1v4)3 (v1v2v5)3 (v2vov3)3

(U*V*U*)g (V*U*V*)g (V*U*U*)g
o T oo~ eys) @ [1(Vos)l2} - (36)

(wov1v3)3 (V1024)3 (v2vovs)3

1
3 *
y 3(Vos) = §Alt5{(r(v0 [v1V,304); 1 (Vg [V V2 V3V2),

* * * *

re2 (V3| ViV3V3Y), T3 (Vg lViv3viYL)]S @
Woviv2)3s ., (gvivy)e (VoV1v2) 2
(vovlv:) + (3 (vov1v2) (vov1v2) (Vov1V2)
(woviva):
W) @ [rwolvavavsv)la ) (39)
Now the left hand side of the theorem is
75 3 0 d(Vs) =15 3 (oo (D (W5, o, Dy, 03))
Applying the definition (35) and using the cycle
(vo, -, vs) after the expansion of Alts we g¢B2)
13 s 0 d(Vgs)

1
= §A1t6{<r(v0 |1V, v304); 7 (Vg |[V1 V2 V3 V),

* * * *

* * * * * * 3
7.2(Vg |V V2V304), T3 (Vg |[v1 V2 0314) ]2 @
Woviv)es ., (gvivy)e (oviv3) 2
VoV1V,) + (3 £ — £
( 071 2) (vov1v3) (Wov1v2) (Vov1v2)
—(vév;v;)g) ® [r(volv1v2v3v4)]23}
(VOV_1V2)3
Using the cycle (v,v3) we get
3 %
7-[1,53 ° d(VOS)

Ko ko kK

1
== §A1t6{<r(vo [v1V2030,); 7 (Vo [v1 V2 v3V2),

re2 (U5 |1 v3v3vp), Tes (5 |viv3vivp)]3 @

Woviv3)s . (vavivs)e (VoVivi) 2
(Uovlvj) + (3 (vov1v3) (Wov1v3) (vov1v3)
(véﬁvé)e)
(Vov1v3)3 Q [r(wolv1vovsva)l2}}

At last applying the two term relation we get the required
expression with correct sign
77'-13,53 ° d(VBS)

1
3 Alte{(r (Vo [v1v2v304); 7 (Vo[ V1 v20304), T2 (Vo [V1 V2 0305), T3 (

Woviv)s ., wivivi)e (Wovivi),e
(17017117:,) + (3 (vov17V3) (vov1v3) (Vov1V3)
(VSV;V;)E)
(Vov1v3)3 ® [r(wolv1vav3va)]2}}

Corollary 2.4 Both of the following chains are complexes
& (33)

dr 3
Since we are using the same technique already used in 1. C5(A§[£]4) - C4(Af;[g]4) S FQF @AF

the proof of Theorem.5.6 of [5], it seems unnecessary to

3

dr T &3
write all steps. Going through the same procedure we can 2. Cs(Af(s,) = Cs(A3,) — (TBS(F) @ FX) @

write (33) as

1
= §Alt6{(r(v0|v1v2v3v4); e (Volvivav3vy),
12 (V5| Vi v3v305), 763 (V5| V1 v3v305)]3 @
Wovivs),s Wvivs)e Wovivs) 2
VyV1V3) + (3 £ — £
( 071 3) (Wov1v3) (ov1v3) (VoV1V3)

* k. %3
m) Q [r(volvivavsvy)],}  (38)

(Wov1v3)3

Before going to the left hand side we rewrite the map

(F @ B,(F))
Proof. Direct calculations lead us to have

3 r_ .3 r__
7T1'£3°d —7T0783°d =0

ll.  CONCLUSION 34)
This work exhibits that the tangent group §‘B3 (F) and its
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associated relations are valid for the order three. The S _ _ _
above results motivate us to compute higher order tangent [13] Siddiqui R., Geometry of configurations in tangent
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