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Abstract — We propose fuzzy version of runge — kutta method of order four, based on linear combination of arithmetic mean,
harmonic mean and geometric mean for the solution of first order linear fuzzy differential equations which is done by not converting
them to crisp form. By solving a fuzzy initial value problem with trapezoidal fuzzy number, the efficiency and accuracy of the
proposed method is illustrated.
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|. INTRODUCTION

Fuzzy Differential Equations (FDEs) have a wide range of applications in many branches of engineering
and medicine. Chang S.L. and Zadeh L.A. in [8] first introduced the concept of fuzzy derivative. It was
followed up by Dubosis.D and Prade[9].who used extension principle in their approach. The term “fuzzy
differential Equation” was introduced in1987 by Kandel.A and Byatt.W.J[14]. They have given many
suggestions for the definition of fuzzy derivative to study “fuzzy differential Equation”. In the litreture,
there are several approaches to study fuzzy differential equations. The first and most popular one is
Hukuhara derivative made by Puri.M.L Ralesu.D.A [18]. Seikkala [19] rigorously treated the FDE and the
initial value problem (Cauchy problem). Here the solution of fuzzy differential equation becomes fuzzier
as time goes on. This approach does not reproduce the rich and varied behaviour of ordinary differential
equations. Bede.B and Gal.S.G [6,7] have introduced another concept of derivatives called the generalized
Hukukara derivative. Under this interpretation, the solution of a fuzzy differential equation becomes less
fuzzier as time goes on. A strong generalized derivative is defined for a large class of fuzzy number valued
function than the Hukuhara derivative. This case of a fuzzy differential equation is not unique. it has two
solution locally. The analytical methods for solving Nth - order linear differential equations with fuzzy
initial value conditions was introduced by Buckley and Feuring [4]. Recently some Mathematicians have
studied fuzzy differential equations by Numerical methods. Numerical Solution of fuzzy differential
equations has been introduced by M.Ma, M.Friedman, and Kandel.A in [16] through Euler method.
Taylors method and Runge —Kutta methods have also been studied by authors in [1],[2]. The existence of
solutions for fuzzy differential equations have been extensively studied by several other authors in [3,4]. It
is difficult to obtain an exact solution for fuzzy differential equations and hence several numerical methods
were proposed in [10,11,12,17].

In this paper, a new numerical method to solve first order linear fuzzy differential equations is presented
using the fourth order runge-kutta method based on linear combination of arithmetic mean, harmonic mean
and geometric mean. The paper is organized as, In Section 2, some basic results on fuzzy numbers and
fuzzy derivative are given. In Section 3, the fuzzy initial value problem is treated using the extension
principle of Zadeh and the concept of fuzzy derivative. In Section 4, a fourth order runge-kutta method
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based on linear combination of arithmetic mean, harmonic mean and geometric mean is introduced. In
Section 5 the proposed method is illustrated by solving two examples, and the conclusion is drawn in
Section 6.

1. PRELIMINARIES
Definition 2.1

A Fuzzy Number is a generalization of a regular, real number in the sense that it does not refer to
one single value but rather to a connected set of possible values. Where each possible value has its own
weight between 0 & 1. This weight is called the membership function.

1 A fuzzy number is a quantity. (i.e) is expressed as a fuzzy set defining a fuzzy interval in the real
number R.

2. Convex fuzzy set

u(tx + (1-t)y) = min{u(x),u(y)} vt €[0,1],x,y e R
u(tx + (1-t)y) = min{u(x),u(y)} vt [0,1],x,y e R
3. Normalized fuzzy set

ax, € Rwithu(x,) =1
4. Its membership function is piecewise continuous of bounded support. We represent an arbitrary fuzzy
number by an ordered pair of functions (g(r),ﬁ(r)), 0 <r <1 that satisfies the following requirements.

1) u(r)is a bounded left continuous non-decreasing function over [0,1],with respect to any .
2) ﬁ(r) is a bounded right continuous non-increasing function over [0,1] with respect to any r

3) u(r)<u(r),0<r<1 then,

The r-level setis [u] ={x/u(x) >r}, 0<r<1isaclosed and bounded interval, denoted by

[u] = {g(r) < J(r)} and clearly [u], ={x/u(x) >0} is compact.

Definition 2.2
A trapezoidal fuzzy number u is defined by four real number of the trapezoidal is

the interval [a, d ] and its vertices at x = b, x = ¢ . Trapezoidal fuzzy number will be written as
u=(a,b, c, d) is defined as follows

We will have
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@u > 0ifa>0
(2u > 0ifb > 0
(3)u > Oifc > 0
(4)u>0ifd>0
Definition 2.2.1
A Trapezoidal fuzzy number A=(a,b,c,d) issaid to be zero trapezoidal fuzzy number if
a=0b=0,c=0,d=0.

Definition 2.2.2

A Trapezoidal fuzzy number A =(a,b, c, d) is said to be non - negative trapezoidal fuzzy number if
ax>0.

Definition 2.2.3

A Trapezoidal fuzzy number A=(a,b,c,d) and B=(a,,b,,c,,d,) is said to be equal trapezoidal fuzzy
number ifa,=a, ,b,=b,,c,=c¢,,d,=d,.

1. RUNGE — KUTTA METHOD FOR INITIAL VALUE PROBLEM

Consider the initial value problem

y®)=ft y®);a<t<b (3.1)
y@=a,
The basis of all Runge-Kutta method is to express the difference between the value of y att,,,and t,
as
m
Youu = Yn = Z\lel (3.2)

i=1

i-1 3

where for i=1, 2, ...,m, wi’s are constants and k; =h f(tn +ch,y, + Z:aijkj I

j=1
Equations (3.2) is to be exact for powers of h through  h™ | because it is to be coincident with Taylor
series of order m.

3.1 Fuzzy Initial Value Problem

Consider the fuzzy initial value problem

y®) = ft y);0<t<T (3.3)
y(0) =Y,
i id voi ~Tandh=""9
with the grid points 0<t, <t, <..<t, = landh= N ~t, (3.4)

where f is a continuous mapping from R+ x R into R and yo<E* with r-level sets
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[vo]=ly©;n wo;n1 ,re@©1]
' i

The extension principle of Zadeh leads to the following definition of ~ f(t,y) wheny =y(t) is a fuzzy
number

f(t,y) (s) =Sup{y(z) \s=1(t,7)}, seR
It follows that

[FEY)L=[fMy; 1, f(ty;nlre©.l]
where

&, yir) =min{f (t, u)\uely(r), y(nI}

£t y;r) =max{f (t, u)\uely(r), YN}
Then y :[0, ) — E* is a solution of (3.1) using the seikkala derivative and y,e E* if
y(t, y;r)=min{f (t, W\uely(r), yn}, y(0; 1) =Y, (1)

yt,yir) =max{f ¢, w\uely(r), yoI} y0; =y, ()
forall t €[0, ) and a €[0,1]..

(3.5)

3.2 Theorem

Let f satisfy
HONEG v gt V-V),t=0,v, veR.

where g : R+ x R+—R+is a continuous mapping such that r — g(t, r) is non-decreasing and the initial value
problem

u(t) = g(t,u(®)),u(0) = uo. (3.6)
has a solution on R+ for ug> 0 and that u(t) = 0 is the only solution of (3.4) for uo=0. Then the fuzzy
initial value problem (3.1) has a unique fuzzy solution. Refer [26].

IV. THE FOURTH ORDER RUNGE-KUTTA METHOD BASED ON LINEAR COMBINATION OF ARITHMETIC MEAN, HARMONIC
MEAN AND GEOMETRIC MEAN FOR FIRST ORDER DIFFERENTIAL EQUATION.

A new fourh order Runge - Kutta method based on linear combination of arithmetic mean, harmonic
mean and geometric mean for first order differential equation was proposed by using Khattri [15] as
follows
14 AM (k,, k,) — HM (k;, k,) + 32GM (k,, k)

RM (k. k,) = 45
For the IVP of the form y'= f(t,y), the Fourth order Runge - Kutta methods ([2] and [4]) using variety
of means can be written in the form 1
- h| < Means
yn+1 yn + E {Z J (41)
i=1

where means includes Arithmetic Mean(AM), Geometric Mean (GM), Contraharmonic Mean (CoM),
Centroidal Mean (CeM), Root Mean Square (RM), Harmonic Mean(HaM), and Heronian Mean (HeM)
which involves k; 1<i<4,
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where,
ky= f(t., Yn)
k,=f(t,+a,h,y,+ahk)
k=1 (t,+ (a,+a) h,y,+a,hk;+a;h k,)
k,=f (t,+ (a;+ a,)h, y,+ a,hk; + a;hk, + a,hk;)

Substituting the Arithmetic mean, Harmonic mean and Geometric mean, Bazuaye Frank [ 5] proposed 4th
order Runge-Kutta method based on linear combination of arithmetic mean, harmonic mean and
Geometric mean as follows.

( ]
=V 4+ h’r +2k +2k +k)— 3k.k +48( + + )
y = 1?'70(1 JHACHOI e R k_+-1<_| Jark otk Jfkk, |
il s 2 2 s s 4) [
where
ki=f (X, Yn)
h h
k=f(x +_,y+ k)
nh 4 n 41
k=f(x+ ,y+ (—k+9k)

3 n 4 n 32 1 2
h
K=f(xehy+"(6k 410K+ 44K)
4 n n 96 1 2 3

with the grid points a=t, <t, <..<t,=b and h=%2=t -t (4.2)
4.1 Fourth Order RK Method for solving first order Fuzzy Differential Equations.

Let us consider the first order fuzzy ordinary differential equations of the form

[y'®=fy)

1
y(to) =Y, (4

The equations (2) and (3) are exact and approximate solutions of equation (1)respectively

[Y(t)], =Y (i)Y (tir) | 2
[yt)], =| ¥(t:n). y(tin) | 3)

By using Fourth order Runge-Kutta method the approximate solution is obtained as follows

VOLUME 15, ISSUE 3, 2019 12 http://www.xisdxjxsu.asia/




Journal of Xi’an Shiyou University ISSN No: 1673-064X

Y(tr 1) = Y1) + D2 Wik (Y (1))
- - = (4.3)

y(tm—r; r) = ;(tna r) + J_Z::lekj,z (tn ’y(tm r))

Where the wj’s are constants. Then k ; ;and k . for j = 1,2,3,4 are defined as follows

Kia(to, y(ti D) =minh { £ (t,0) /u € (y(tin), y(tin) }

Koz (ty, Y (i 1)) =maxhﬁ ft,U)/ue(y(t:n. yt:n } |

K(E,y(t D) =minh L f(t +  wluelp @ yin)p i),

21 n n nog 11 n . 12 .

k .yt ;r))=math(f(t +E,u)/ue(pll(t,y(t: N)p Gy r))t
. ” h WJ

k(t,y(t;r))=minh {(t + ,u)/ue(p (t,yt:r),p (t’y(t;r))}

on " n Z 21 n n 22 n n

k (t,y(t;r))zmaxhjf(t +Muyrue(p (t,y(t;n)p (t,y(t;r))t

32 n n L n iy 21 n n 22 n n J

Koty V(1) = minh { (¢, +h,u)/u e (Ps,(t, V(i N, Paa(ty, Y(tiN) §

Koz (L, V(6 1)) =maxh { £ (t, +h,u)/u e (py(ty, Y(t,;0), Pas (b, Y(L,;T) }
(4.4)

Where in the fourth order Runge-Kuuta method based on linear combination of Arithmetic mean
Harmonic mean and Geometric mean is as follows

11 n

p (L. y(tiN)=y(t; )+ hzk Ly n)

p(t,y(t; nr)) =y(t; E) 4 k y (tn, y(t ; r)

12 n

p (t,yt;nN)=yt;nN+  (-k (t,yt;n)+9% (t,yt:;n)
21 n n _n 32 11 n n 11 n n
h

P22 (. Yt 1) = ¥(t,; 1) o (=Ko (t, Y(t; 1)) + 9k 4, (L, Y(E5 1)

(4.5)

Ps (6, Y(t51)) = y(t,5 1) + %(—6k 12 (6, Y(t,; 1) +10K 5, (L, y(t,; 1)) +44K 4 (t,, y(t,; 1))
Paa(t,, y(t,: 1)) = y(t,; 1) + %(—Gk 12 (G V(s 1) +10K 5, (L, Y(t,: 1)) +44K 5, (L, y(t,; 1))

Define
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r7(|< (t, y(t; 1)) + 2k (t y(t; 1) + 2k (t y(t; 1)) +k (t y(t: 1)) - |
( 3ka(t, y(&; )k (t y(t; ) 3k (t y(t; )k (t y(t ) 3ks(t y(t; Mk € yEn) )

F(tytr)= || R
’\kl(t y(t; r))+kz(t y(t; r)) kz(t y(t; r))+k3(t y(t; r)) ks(t, y(t;r)) +ka(t, y(t;r))') |

| 48V (. y(t 1) + ko y(6 1) + Vo6 G D) + o6 YE D) + ko (G )+ y(6D) )|

[Y(K'(ﬂ?(t )+ 2ka(t, y(t; ) + 2ks(t, y(t; r)) + Ka(t, y(t; 1)) —
|( 3k, (4 y(t Nk, Lyt r) 3k (4 y(; Nk ¢ ytr) 3k (t y(t; Ir))k(t y(t; 1)) )
G(t, y(t;r) = ’ L

+ + ) |

148(yla (0 Y6+ y(6 ) + ka6 Y G+ ot Y6 1)+l yE M)+t y 6D
(4.6)

The exact and approximate solutions of at t,, 0 < n < N are denoted by

[Y@)], =[Y €)Y tin)]
[yt)]. =] ytin), y(tin) |

respectively.

By (4.1) and (4.5) we get the exact value as

Y (t ;I’)zY(t;l’)—i—_hF[t,Y(t;l’)]

— n+l — n %1 n n (47)
Yt ;DY@ n+ GtY(t;n]
n+1 n 2 n n

The approximate solution is given by

yit D=yt nN+ F[tY(t;n]
n n (48)
G[tY(t;n]

— n+l — n

yt ;1) z‘y(tn; r+

n+1

N| | T

V. NUMERICAL EXAMPLES

5.1 Example 1
Consider the fuzzy initial value problem

O0<r<1

y'(t) =y(t), t[01]
y(0) = (0.8 + 0.125r,1.1- 0.1r)
The exact solution is given by
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Y (t;r) = y(t;r)e’,
Y(tr) =yt e,
Att=1 we get, Y (1; r) =[(0.8 + 0.125r)e, (1.1- 0.1r)e]

Comparison between the exact solution and approximate solution of the fourth order runge kutta
method based on linear combination of arithmetic mean, harmonic mean and geometric mean

method for t =0.5 and h = 0.1 is displayed in figure 5.1
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Fig.5.1 Comparison between the exact solution and approximate solution
5.2 Example 2
Consider the fuzzy initial value problem
'(t) =1/ y(t), t €[0,1
y'O=1/y® el
y(0) = (0.8 + 0.125r,1.1- 0.1r)

The exact solution is given by

Y(tr) =2t +y(t)
Y (1) = /2t + y(t,)
Att=1we get, Y (1; 1) = (2t + y(to), :Qf +y(%))

r t X y

Absolute error for

Absolute error
upper cut of y

for lower cut of

<]

Y
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y
0 0.5 1.774102 2.250797 1.341641 1.449138 4.324607e-01 8.016594e-01
0.2 0.5 1.814677 2.219622 1.350926 1.442221 4.637515e-01 7.774017e-01
0.4 0.5 1.855075 2.157044 2.188372 1.435270 4.949284e-01 7.531020e-01
0.6 0.5 1.895304 2.157044 1.369306 1.428286 5.259980e-01 7.287585e-01
0.8 0.5 1.935371 2.125636 1.378405 1.421267 5.569663e-01 7.043695e-01
1 0.5 1.975283 2.094147 1.387444 1.414214 5.878391e-01 6.799330e-01

Table V.11 — Absolute Error Table for Lower cut and Upper cut values

V1. CONCLUSIONS

Solving fuzzy initial value problem has been going on in research using various techniques. A new
numerical method is proposed for solving the 1% order fuzzy initial value problem in this paper. The 1%
order fuzzy linear differential equation is converted to a fuzzy system and then solved with the fourth
order Runge-Kutta method based on linear combination of Arithmetic Mean, Harmonic Mean and
Geometric Mean. By comparing the absolute error values at t=0.1 and t=0.5 from the numerical examples
5.1 and 5.2, i.e. from the tables 1 and 2, we find that the proposed method produces good accuracy for
solving the FIVPs.
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